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PREFACE 

In the original work, the author endeavored to prepare a text- 
book on the Calculus, based on the method of limits, that should be 
within the capacity of students of averse mathematical ability, and 
yet contain all that is essential to a working knowledge of the subject. 
In the revision of the book the same object has been kept in view, 
-s Host of the text has been rewritten, the demonstrations have been 
■ carefully revised, and for the most part new examples have been 
^ substituted for the old. There has been some rearrangement of sub- 
^ jects in a more natural order. 

^ In the DifEerential Calculus, illustrations of the "derivative" 
"^ have been introduced in Chapter II., and applications of differentiar 
tion will be found also among the examples in the chapter immedi- 
ately following. 

Chapter VII., on Series, is entirely new. In the Integral Calculus, 
immediately after the integration of standard forms, Chapter XXI. 
has been added, containing simple applications of integration. 

In both the Differential and Integral Calculus, examples illustrat- 
ing applications to Mechanics and Physics will be found, especially 
in Chapter X. of the DifEerential Calculus, on Maxima and Minima, 
and in Chapter XXXII. of the Integral Calculus. The latter chap- 
ter has been prepared by my colleague. Assistant Professor N. B. 
George, Jr. 
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CHAPTER I 

FuircTioira 

1. Variables and Constanta. A quantity which may asauine an 
tmlimited number of values is called a variable. 

X quantity whose value is unchanged is called a constant. 
For example, in the equation of the circle 

X and y are variables, but a is a constant. 'For as the point whose 
coordinates are x, y, moves along the curve, the values of x and y 
are continually changing, while the value of the radius a remains 
unchanged. 

Constants are usually denoted by the first letters of the alphabet, 
a,b,c,a,fi,y, etc. 

Variables are usually denoted by the last letters of the alphabet, 
X, y, z, <i>, iji, etc. 

2. Function. When one variable quantity so depends upon an- 
other that the value of the latter determines that of the former, the 
former is said to be a function of the latter. 

For example, the area of a square is a function of its side ; the 
volume of a sphere is a function of its radius ; the sine, ooaine, and 
tangent are functions of the angle ; the expressions 

3!*, log (a!* -I- 1), ^x(x + l), 
are functions of x. 
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A quantity may be a function of two or more variables. For 
example, the area of a rectangle is a function of two adjacent sides ; 
either side of a right triangle is a function of the two other sides j 
the volume of a rectangular parallelopiped is a function of its three 
dimensions. 

The expressions 

are functions of x and y. 
The expressions 

xy + yz + zx, -y^^> log(a^+y-«), 
are functions of x, y, and z. 

3. Dependent and Independent Variables. If ^ is a function of a:^ 
as in the equations 

y = 3?, y = tan4x, y = e' + l, 

z is called the ind^iendevt variable, and y the dependent variable. 

It is evident that when y is a function of x, x may be also regarded 
as a function of y, and the positions of dependent and independent 
variables reversed. Thus, from the preceding equations, 
a:=vyi a; = itan-V, a; = log. (y - 1), 
In equations involving more than two variables, as 
z + x-y = 0, «> + v)Z + zx + y = (i, 
one must be regarded as the dependent variable, and the others as 
independent variables. 

4. Algebraic and Tranacendentol Functions. An algebraic function 
is one that involves only a finite number of the operations of addi- 
tion, subtraction, multiplication, division, involution and evolution 
with constant exponents.* All other functions are called transcen- 
dental functions. Included in this class are exponentiai, logariikmic, 
trigonometric or circular, and inverse trigonometric, functions. 

Note, — The term "hyperbolic functions" is applied to certain 
forms of exponential functions. (See Art 277.) 

• A more general definition of Algebraic Funotton is, a hmotion whow itl*- 
don to die variable is expressed bj an algebraic equation. 
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5. Rxtloiul Fonctions. A polynomial involving only positive 
integral powers of x, is called an iiaegrcU function ot x; aa, for 
example, 2 + x-ia? + 33i'. 

A TOtional findion is a fraction wliose numerator and denominatoi 
are integral functions of the variable ; as, for example, 
3a!' + 2;g-l 

A rational function of x is an algebraic function involving no frac- 
tional powers of x or of any function of x. 

The most general form of 8nch a function is the sum of an integral 
function and a rational fraction ; as, for example, 

6. EzpUctt and Imidlcit Functions. Wlien one quantity is ex- 
pressed directly in terms of another, the former is said to be an 
explicit function of the latter. 

For example, y is an explicit function of x in the equations 

y = i^ + 2x, j/ = V^+T. 

When the relation between y and x is given by an equation con- 
taining these quantities, but not solved with reference to ^, y is said 
to be an implicit function of x, as in the equations 

axy + bx + c!f + d = 0, i/ + log y=sx. 

Sometimes, as in the first of these equations, we can solve the 
equation with reference to y, and thus change the function from 
implioit to explicit. Thus we find from this equation, 

„=_^+^. 
* ax + c 

7. Sng^Taltud and SUny-valned Flinctlons. In the equation 

for every value of x, there is one and only one value of y. 
Expressing x in terms of y, we have 



x=l± Vff + l. 
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Here each value of y determineB two values of x. In the formet 
case, y is a aingle^alued funaion of x. i 

In the latter case, ic ia a tioo-vaiued function of y. 

Ad n-valued function of a variable a: is a function that has n ' 
values corresponding to each value of x. 

The inverse trigonometric function, tan"' x, has an unlimited num- 
ber of values for each value of x. 

a Notation of Functions. The symbols F {x), f{x), 4t(x), \fi(x), 
and the like, are used to denote functions of x. Thus instead of "y 
is a function of x," we may write 

y=fix), or y = -^{x). 

A functional symbol occurring more than once in the same prob- 
lem or discussion is understood to denote the same function or 
operation, although applied to different quantities. Thus if 

fix)=a?^b, (1) 

then /(s)=y' + 5, /(a)=a' + 6, 

f(a + l) = (a + t)'+5 = ai' + 2a + 6, 

■ /(2) = 2' + 5 = 9, /(1) = 6. 

In all these expressions /( ) denotes the same operation as de- 
fined by (1) ; that is, the operation of squaring the quantity and 
adding fi to the result. 

Functions of two or more variables are expressed by commas be- 
tween the variables. 

Thus if fix, y) = 3? + Zxg—f, 

then /(a,6) = o' + 3ai-6*. /(6, a) =fe'+3 6a-o* 

/(3, 2) = S' + 3.3.2 - 2' = 23. /(a, 0) = c^. 

If ^{x,y,z) = sfi + yz-y'+2, 

then ^(3,l,-l) = 3'-H(-l)-l'-l-2 = 2r; 
^(a, h, 0) = a'>-b' + 2; *(0, 0, 0) =2.* 
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9. Inrerse Ftmctlon. It yiaa gireo function of x, represented by 

s = *W (1) 

ojid if from this relation we espress x in terms of y, so that 

(» = <lf(j/), (2) 

tJien each of the functions and tp ia said to be the inverse of the 
other. 
For example, if y = 3? = <j>{x), 

then x=-^y = ifi(y). 

Here ifi, the cwfte root function, is the inverse of ^, the cu6« 

function. 

If ? = «' = *(«). 

then X = log^ = ijiQ/)- 

Here ifi, the logarithmic function, is the inverse of ^, tlie ea^xmentiai 
function. - 
Again, suppose y ~T3 — ^ ^^'^^ ^^^ 

From this we derive x = ■ . = ^(y) (4) 

Here ^ as defined by (4) is the inverse of ^ as defined by (3). 
The notation ij>~^ is often employed for the inverse function of ^. 

Thus, if y = ^(at), x = ^"'(y). 

If y=m, x=r^(y). 

The student ia already familiar with this notation for the inverse 
trigonometric functions. 
If y = aiii3!, a5 = ein~'y. 

EXAMPLES 
1. Given 2a?-2xy + f = a*; 

change y from an implicit to an explicit fonotlcai. 
.Aw. J''X± Va' — as*. 
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3. Given sin (k — y) = m sin y ; 

change y from an implicit to an explicit function. 

Ana. y = tan"' — ^mje — 

m + cos X 

3. Given f(x) = 2ii?~3x> + x + 2; 

find /(I), /(2), /(i), /(-I), /(O). 

Show that f(x + 1) -/(») = 6 ie», 

/(3! + A)=/(a;) + (6a!*-6a; + l)A + (6a;-3)A' + 2ft''. 

4. Given J!'(a!) = (a!*-1)'; 

show that i?'(x + 1) - F(x - 1) = 8 US'. 

5. Given /(x)= "^+^" ; ana/{0), /(a.)+/(-«). 

Show that /(2a;)-/(-2ir) = [/(a!)]'-[/(-a!)]'. 

8. If *(#) = €•, *(a + 6) = *(a)*(6). 

Show that the same relation holds foi the function 
^(ff) = cos tf + -V^ sin 6, 
giving ili{a + b) = <li(a)^(b). 

7. If /(a:) = |£=l|, 

oar— ^ 

show that the inverse function is of the same form. 

8. If ^((r) = ^^^±^, find the inverse function of ^. 
Compare the two functions when b = c. 

9. If /(a.) = log.(ir+V?^), 

show that /-'(a;) = "' + °" - 

10. If f{ai,y) = aa? + 2bxy + cg; find/(l, 2),/(y, -»). 

Show that 
f(x + k,y + k) =fix, y) + 2(ar + 6y)& + 2(6a. + cy) * +/(ft, t). 



,, _. \m + n 

11. Given ^(m, n) = '■■ , 

where m, n, are poaitive integers; show that 
^{m,n + l) + i>{m + l,n) = ^(m + l,n + l). 

\x, y, z\ 
13. Given f(x,jf,z)=s\z, x, y ; 

\y, z, «| 
Bhowthat fiy + z,z + x,x + y) = 2f{x,]/,z). 



CHAPTER II 
Umr. mCREHEHT. durivatitz 

10. Umit When the aucceaaive values of a variable x approach 
Dearer aod nearer a fixed value a, in such a way that the difference 
x — a becomes and remains as small as we please, the value a ia 
called the limit of the variable x. 

The student is supposed to be already somewhat familiar with the 
meaning of this term, of which the following illustrations may be 
mentioned. 

rhe limit of the value of the recurring decimal .3333 .,., as the 
number of decimal places is indefinitely increased, is \. 

The limit of the sum of the series 1 + J + ^ + ^ + -", as thenombet 
of terms is indefinitely increased, is 2. 

The limit of the fraction — — — , as x approaches a, is 3a*. 

The circle is the Umit of a regular polygon, as the number of sides 
is indefinitely increased. 

$ is expressed in circular measure. 

11. Notation of Limit The following notation will be used: 
"Lim,^" denotes "The limit, as x approaches a, of." 

For example, 

Lim^ (2 a;* — Aa: + A^ = 2 a^. 

12. Some Special limits. There are two important limits required 
in the following chapter. 
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Iiet the angle AOA' = 20,and let a be the radius of the arc ACA' 
From geometry, ABA' < ACA' ; 
thatis, 2asi]i$<2a0,^^<l. (1) 

Also from geometry, ACA' < ADA' ; 
sin 0^ 



atantf, 
- > COS ft 




that is, 2 ad < 2 
aJD 6 

Hence by (1) and (2), ^ 

mediate in value between 1 
&.8 approaches zero, cos approaches 1. 
Hence Lim..,,-^^ = 1. 

The student will do well to compare the corresponding values of 
and sin 6, taken from the tables, for angles of 5°, 1°, and 10'. 



Angle 


« 


sinfl 


5- ■ 
10' 


i^_. 0872665 
^ = .0174633 
j^ = .0029089 


.0871557 
.0174624 

.0029089 



(6) Lim_„f 1 + — \ Before deriving this limit let us compute 
die value of the expression for increasing values of z. Thus, 
(1 + if = 2.25 
(1 + i)" = 2.48832 
(l + -ii,)» = 2.59374 
(1.01)™ = 2.70481 
(1.001)«^= 2.71692 
{1.0001)»°*» = 2.71815 
(1.00001)1°™° _ 2.71827 
(LOOOOOl)!**™* = 2.71828 
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last nuiuber, 2.71828. 
B; the Binomial Theorem, 



(-iy= 



|2 
which may be written ^ / jx / 2\ 

When z increases, the fractions -, ~, etc., approach zero, and wo 

Li„„(i+!)-=i + i+J+j|+i + ..... 

This quantity is usually denoted t^ e, so that 

The value of e can be easily calculated to any desired number of 
decimals by computing the values of the successive terms of thin 
series. For seven decimal places the calculation is as follows: 
1. 
2)1. 

3) .6 

4) .166666667 

5) .041666667 

6) .008333333 

7) .001388889 

8) -000198413 

9) .000024802 

10) .000002766 

11) .000000276 
.000000026 



6=2.7182818... 

This quantity e is the base of the Kapierian logarithms. 

* For a rigorons derivatloQ of this limit, the etndent 1b referred to more e 
tensive treatises on the DlSerentlal Calculus. 
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13. Increment*. An inctement of a variable quantity is any addi- 
tion to its value, and is denoted by tlie Bymbol A written before this 
quantity. Thus Ax denotes an increment of x, Ay, an increment of y. 

For example, if we liave given 

!, = x', 
and assume x = 10, then if we increase the value of jb by 2, the value 
of s is increased from 100 to 144, that is, by 44. 

In other words, if we assume the increment of x to be Ax = 2, we 
shall find the increment of y to be Ay = 44. 

If an increment is negative, there is a deereaae in value. 
For example, calling a; = 10 as before, in y = a*, 

if Ae:=— 2, then Ay«-— 36. 

14. DerivatiTe. With the same equation, 

and the same initial value of x, 

x = 10, 
let us calculate the values of Ay corresponding to different values of 
Ax. We thus find results as in the following table. 



If Ax = 


then Ay = 


Aj; 


3. 


69. 


23. 


2. 


44. 


22. 


1. 


21. 


21. 


0,1 


2.01 


20.1 


0.01 


0.2001 


20.01 


0.001 


0.020001 


20.001 


h 


20li + 4' 


20 + i 



The third column gives the value of the ratio between the incre- 
ments of X and of y. 

It appears from the table that, as Ax diminishes and approaches 
zero, Ay also diminishes and approaches zero. 
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The ratio -^ diminishes, but instead of approaching zero, ap- 
proaches 20 as its limit. 
This limit of -^ is called the derivaiim of y with respect to x, 

and is denoted by -^. In this case, irhen x=slO, the derivative 

* = 20. *" 

dx 

It will be noticed that the valne 20 depends partly on the func- 
tion y = ^, and partly on the initial value 10 assigned to x. 

Without restricting ourselves to any one initial value, we may ob- 
tain -2 from y z=3?. 
dx " 

Increase x by Aa^ Then the new value of y will be 

therefore, Aj = y' — y = {« + An;)' — a?=s 2x^x + ( Aa;)*. 

Dividing by Ax, ^ = 2x4- Ax. 

Ax 
The limit of this, when Ax approaches zero, is 2x. 

Hence, ^ = 2x. 

dx 

The derivative of a function may then be defined as the limiting 
value of the ixitio of the tjwremetu of the funntion to the increment of the 
variable, as the latter ina-ement approaches zero. 

It is to be noticed that -^ is not here defined as s. fraction, but as 

A 

a single symbol denoting the limit oi the fraction —2. The student 
will find as he advances that -^ has many of the properties of an 
ordinary traction. 
The derivative is sometimes called the differential coefficient. 

15. General Expression for Derivative. In general, let 

Increase x by Ax, and we have the new value of g, 
y'=fix + Ax). 
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Ax ^x ' 

dx Ax 

Geometrical lUustration. The process of fiadli^ the derivative 
from y = a* may be illustrated by a square. 

Let X be the length of the side OP, and y the area of the square 
on OP. 

That is, y is the number of square units 
corresponding to the linear unit of x. 

When the side is increased by PP', the 
area is increased by the space between the 
squares. 

That is, Ay=2xAx+(Axy,^=2x+^x, 

|=Li„._^=". , ,-,, 

16. From the definition of the derivative we have the following 
process for obtaining it : 

(a) Increase x by Ax, and by substituting x + Ax for x, deter- 
mine y + Ay, the new value of y. 

(6) Find Ay by subtracting the initial value of y from the new 
value. 

(c) Divide by Ax, giving—^. 

((i) Determine the limit of ^, as Ax approaches zero. This 

limit is the derivative -^. 
dx 
Apply this process to the following examples. 

EXAMPLES 
1. y=2a!'-6ie + 5. 

Increasing x by Ax, we have 

y + Ay = 2{x + Ax)''-6(x + Ax) + 5; 
therefore, Ay = 2{x + Axy — 6(x + Ax) + 5 — 2 3f + 6x—5 
=(6 m" - 6) Aa; + 6 x{Axy + 2(A «)'. 
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Dividing by Ax, 

^ = 6 «» - 6 + 6 xia: + 2 ( Aa>)*. 

^ = Lim^^^ = 6a:«-6. 

. x + AaJ 



Oi + Aa! x_ Ax 

x + Ax + l « + l^(x4-A3! + l)(x + l)* 



Ax (x + AxH-l)(x + l) 

^ = Lim_^^ = ^^ 

dx *^Ax (x + l)" 

3. j/ = Vx^ 

y + Ay = Vx + Ax, 

Ay = Vx + Ax — V^ 

Ay _ Vx + Ax — Vi 
Ax Ax 

The limit of this takes tlie indeterminate form -. But 1^ 
rationalizing the numerator, we have 



^ Ax(Vx + Ax+V^ Vx + Ax+Vx 



= ^^"--|^ = 2^- 



4. ff = a!*-2x»+3x-4, 
6. y = (x— a)'. 



dx 



S. }-(l + 2X8-S<), 



8. J-- 



9. ^-S 



10 ; 

U. « = 



j' + g' 
x + a' 



lb »•■ 

. ^_ TOW 



■ij (j + 2) 



(1-1)- 



tU 



2a' 
(« + »)' 

1 + 1 



12. 



13. </ = 



t« 2V«+2 
ds_3xi 



2»=- 



,i' ■" 2lf 

16. Show that the derivative of the area of a circle, with respect 
to its radius, is its oircumfereiice. 

17. Show that the derivative of the volume of a sphere, with 
respect to its radios, is the surface of the sphere. 

We shall now give some illustrations of the meaning of the deriva- 
tive. 
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17. Direction o* a. PUne Cuire. This is one of the simplest and 
most useful interpretations of the derivative. 

Let P be a point in a curve deteimined by its equation y = f(x), 
and PT the tangent at P. 

Let OM=x, MP^y. 

If we give X the increment 
Aat = MN, y will have the in- 
crement Ay = RQ. 

Draw PQ. Then 

Now if Aa; diminish and 
approach zero, Ay will also 
approach zero, the point Q 0"— 
will move along the curve 

towards P, and PQ will approach in direction PT as its limit. 
Taking the limit of each member of (1), we have 




That is, the derivative 
metric tangent of the in- 
clination to OX of the 
tangent line at that 
point. 

This quantity is de- 
noted by the term slope. 

The slope of a straight 
line is the tangent of its 
inclination to the axis 
of X. 

The slope of a plane 
curve at any point is the 
slope of its tangent at 
that point. 

Thus, -^, at any point of a 
point 



Ax dx 
, at any point of a curve, is the trigoni 




re, is the dope of the curve at that 
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For example, consider the parabola ic* = ipy, y = — • 

4p 



At 0, where » = 0, the slope = 0, the direction being horizontal. 

At L, where x=2p, the slope = 1, corresponding to an inclination 
of 45° to the axis of S. 

Beyond L the slope increases towards ao, the inclination increasing 
towards the limit 90°. 

~Eot all points on the left of OT,x is negative, and hence the slope 
is negative, the corresponding inclinations to the axis of X being 
negative. 

18- Vdodty in Terms of a Variable t denoting Time. A body moves 
over the distance OP = s in the time t, a Ijeing a function of f ; it is 
required to express the velocity at the point P. 

Let As denote 

the distance g 1 — ^— ti ■ 

PP" traversed 

in the interval At. If the velocity were uniform during this interval, 

it would be equal to — - 
^ At 

For a variable velocity, — is the average or mean velocity between 

P and P, and is more nearly equal to the velocity at P the less we 
make At, 

That is, the velocity at P = IAm^^ — = —' 
If V denote this velocity, *• = 3- 

Thus, — is the rate of increase of s. 

' dt 

Similarly, ^ and ^ are the rates of increase of x and y respectively. 
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19. Acc«lenitioii. The rate of increase of the velocity v is called 
accderation. 
If we denot« this by a, we have by the preceding artiole, 



For example, suppose a body moves so that 
Then the velocity, v = — = 3 (*, 



and the acceleration, 



-^=6(. 



dt 



20- Rates of Increase of Variables. For further illustrations of the 
derivative, consider the two following problems : 

Prc^lem 1. A man 
walks across the street 
from ^ to B at a uniform 
rate of 6 feet per second. 
A lamp at L throws his 
shadow upon the wall 
M2f. AS is 36 feet, and 
BL 4 feet. How fast is 
the shadow moving when 
he is 16 feet from A? 
When 26 feet? When 
30 feet? 

Let P and Q be si- 
multaneous positions of man and shadow. Let AP = x, AQ = y. 




Then 



' PB 



y = 



36- a! 



(1) 



When he walks from P to P, the shadow moves from Q to Q*. 
That is, when Ax=PP, Ay= QQ'. 
Let At be the interval of time corresponding to ^x and ^y. 

Ay 

Then we may Write ^ = ^ (2) 
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If DOW we suppose At to diminish indefinitely, Ay and &x will 
also diminish indefinitely, and we have foi the limits of the two 
' o' (2). dj, 

^_*^ rate of increase of y . . -a 

dx~ dx" rate of increase of x 



Te locity of shadow at any point Q _ dy 
velocity of man dx 



Finding the derivatire of (1), we bare 
dii_^ 144 



See Ex. 8, Art. la 



Hence, 

Telocity of shadow at any point Q =• t; 



j (velocity of man) 



72Q 



1 (6 feet per second) 



-xy 



feet per second 



= 1.8 feet per second, when a; » 16 ; 
■= 7.2 feet per second, when s: = 26 ; 
= 20 feet per second, when « = 30. 

Problem 2. The top of a ladder 20 feet long rests agtunst a wall. 
The foot of the ladder is mored away from the wall at a uniform 
rate of 2 feet per second. 
How fast is the top moving, 
when the foot is 12 feet 
from the wall? When 16 
feet from the wall ? 

Suppose PQ to be one 
position of the ladder. 

Let 

Then 

y>-V400-«^. (3) 
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"When the foot moves from P to i*, the top moves from Q to Qf. 
That is, if Ax = PP, Ay = QQ'. 
In the same way as in Problem 1, 

Ax" Ax 



And from this. 



velocity of top at Q djf 

velocity of foot dx 



From (3), „=" ^ ' See Ex. 14, Art 16. 



Hence, 

velocity of top at any point Q= " fvelocity of foot) 

V'400-r' ' 

= ■■ feet per second. 



The negative sign is explained by noticing from the figure tliat y 
decreases when x increases. Hence the rates of increase of x and y 
have difEerent signs. 

"When X = 12, velocity of top = — IJ feet per second. 

When X = 16, velocity of top = — 2| feet per second. 

From these problems it appears that, while -^ is the ratio between 
the increments of y and x, -^ is the ratio bttioeen the ratea of increaat 
of thKse varidblea. 
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21. lucreulng and Decressii^ Fonctioiis. If tAe derivative of a 
function of x is positive, the function increases when x increases ; and if 
the derivative is negative, the function decreases when x increases. 

For if the derivative -^, which is the ratio between the rates of 
dx 
increase of the variables (see conclusion of Art. 20), is positive, it 
follows that these rates must have the same sign ; that is, y increaaea 
when X increases, and decreases when x decreases. 

But if -^ is negative, the rates must have different signs ; that is, 
dx 
y decreases when x increases, and increases when x decreases. 

This is also evident geometrically by regarding -^ as the slope of 
a curve. 

As we pass from A%o B,y increases as x increases, but from B to 
C, y decreases as x in* 




Between A and £ the 
slope ^ is positive ; be- 
tween B and C, negative. 

In the former case y is 
said to be an increasing 
function; in the latter 
case, a decreasing function. 

For example, consider 
the function y = a?, from which we 

Since — is positive for all values of x, the function y = ;i:^ is an 
dx 
increasing function. 

If we tate « = !, we End ^= -i. 
X dx XT 

Here we have a deci'easing function with a negative derivative. 

Another illustration is Ex. 1, Art. 16, 



y = 2!r» — 6a! + 5, 



'.6(x'-T}. 



When X is numerioally less than 1, y is a decreasing function. 
When X is numerically greater than 1, y is an increasing 
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22. Continoous FiucUod. A function, y=f(x), is said to be 
continuoug for a certain value a^ of a^ when y„=sf(xa) is a definite 
quantity, and Ai/o approaches zero as Axt approaches zero, Ax;, being 
positive or negative. 

The latter condition is sometimes expressed, "when an infinitely 
snuill increment in x produces an infinitely small increment in y." 

The most oommon case of discontinuity of the elementary functions 
(algebraic, exponential, logarithmic, trigonometric and inverse trigo- 
nometric, functions) is when the function is infinite. 



For example, consider the function y = , which is continuous 

for all values of x except x=a. ~ 

When x = a, y=ec, that is, y can be made as great as we please by 
taking x sufficiently near a. Also when x<a, y is negative, and 
vhen a!>a, y is positive. 

There is a break in the curve when x=a, and the function is said 
to be diecontinuous for the value x = a. 
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The function y = ' ia likewise discontiDuous when x = a. 

This function being positive for all values of x, the two branches 
of the curve are above the axis of x. 

Likewise the functions, tan x, sec x, are discontinuous when x=*~- 

In general, '\tf{x)=ta, when x = a, there is a break in the curve 
V =/("') corresponding to z = a, and both the curve and the function 
are then discontinuous. 1 

Another form of discontinuity is seen in the function y = — - , 
whena! = 0. 2' + l 

Here y approaches two limits, according as x approaches zero 
throngb positive or negative values. 



2"+l 
We see that when a; = the 

curve jumps from y=2toy=l, 

that is from Bto A. 
The function is diBcontinu- 

ons for x = 0. 

It is to be noticed that the 

defioitioQ of the derivative 



Lim,, 



2' + l 
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impliOB tbe continuity of the function. For — ^ cannot approach a 

limitj iinleaa Ay approaches zero when Arc approaches zero. 

The converse is not true. There are continuous functions which 
have no derivative, but they are never met with in ordinary 
practice. 

EXAMPLES 



1. The equation of a curve isy = — —i^ + 2. 

(a) Find its inclination to the axis of : 

when x = l. 

(b) Find the 
points where the 
curve is parallel to 
the axis of X. 
Ans. x=(i and x=2. 

(c) Find the 
points where the 
slope is unity. 

Ans. x = (l± V2). 

(d) Find the 
point where the direc- 
tion is the same as 
that at at =3. . 



:, when x = 0, and 
Ans. (f and 135°. 



Y 


Po p/ 


A 


~N^ 1 




r 


1 lit 




/ 


M, M, 


t, X 



.4»w. x = ~l. 



2. In Problem 1, Art. 20, when will the velocity of the shadow 
be the same as that of the man ? Ans. When AP= 24 ft. 

When one quarter, and when nine times, that of the man ? 

Ans. When AP = 12 ft., and 32 ft. 

S. A circular metal plate, radius r inches, is expanded by heat, 
the radius being expanded m. inches per second. At what rate is 
the area expanded ? Ans. 2 Trrm sq. in. per sec. 

4. At what rate is the volume of a sphere increasing under the 
conditions of Ex. 3 ? Ana. 4 nr^m cu. in. per sec. 
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5. The radius of a spherical soap bubble is increasing uniformly 
at the rate of ^ inch per second. Find the rate at which the 
volume is increasing when the diameter is 3 inches. 

Ans. -^ = 2.827 cu. in. per sec. 

6. In Ess. 6, 7, Art. 16, is y an increasing or a decreasing function ? 

Is — ^— an increasing or a decreasing f uuetiou oix? 
x + 1 

1. In the Example 1, above, for what values of x is y an increas- 
ing function of x, and for what values a decreasing function ? 

8. Find where the rate of change of the ordinate of the curve 
y=s3? — &3? + Sj; 4- 5, is equal to the rate of change of the slope of 
the curve. Ana. a)=5orl. 

9. When is the fraction —z increasing at the same rate as i£? 

a^ + o* 

Ana. When ^ = a*. 

10. If a body fall freely from rest in a vacuum, the distance 
through which it falls is approximately « = 16 1", where s ia in feet, 
and t in seconds. Find the velocity and acceleration. What is the 
velocity after 1 second? After 4 seconds ? After 10 seconds ? 

Am. 32, 128, and 320 ft per sec. 



CHAPTER III 
DIFFERENTIATION 

23. The process of finding the derivative of a given function is 
called differentiation. The examples in the preceding chapter illus- 
trate the meaning of the derivative, but the elementary method of 
differentiation there used becomes very laborious for any but the 
simplest functions. 

Differentiation is more readily performed by means of certain 
general rules or formulae expressing the derivatives of the standard 
functions. 

In these formulee u and v will denote variable quantities, func- 
tions of x; and c and n constant quantities. 

It is frequently convenient to write the derivative of a quantity u, 

-^« instead of ^, 
ax ax 

the symbol — denoting "derivative of." 

Thus -^ - 7" — ', the derivative of (u + v), may be written — (u + v). 

24. Formuls for Difierentiatlon of Algebraic Functlont. 

I. ^-1. 

dx 

n. *_ft 

dx 
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IV. 


|w=«|-|- 


T. 


^<»)=«S- 


yi. 




VII. 


i (..).»„.-.£. 



These fonnulie express the following general rules of diSerenti' 
ation; 

I. The derivative of a variable with respect to Uaeifit unity. 
H. The derivative of a constant is zero. 

III. Ttu derivative of the sum of two variables is tfie sum of their 
derivatives. 

IV. 2^ derivative of the prodwd of two variables is the sum of 
theproducts of each variable by the derivative of the other. 

V. The derivative of the product of a constant and a variable is 
the product of tlie constant and the derivative of the variable. 

VI. I7i€ derivative of a fraction is the derivative of the numerator 
multiplied by the denominator minus the derivative of the denomi- 
nator multiplied by the numerator, this difference being divided by the 
square of the denominator. 

VII. The derivative ofanypotcer of a variable is the product of the 
exponent, the power with exponent diminished by 1, and the derivative 
of the variable. 

25. Proof of I. This follows immediately from the definition of 
aderivatiTe. For, since — = 1, its limit ~ = i- 



26. Proof of n. A constant is a quantity whose value does not 
da! 



Hence 4o = and— =.0; therefore its limit |^ = 0. 
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27. Proot of III. Let y = n + v, and suppose that 'when x i« 
oeives the increment Aa;, u and v receive the increments Au and Ad, 
respectively. Then the new value of y, 

y + Ay = w + Aw +v + Aw, 
therefore A^ = Au + Av. 

Divide by Ax ; then 

Ay_Aw A« 
Ax Are Ax' 

Now suppose Ax to diminish and approach zero, and we have for 
the limits of these fractions, 

dy _du dv 
dx dx dx' 

If in this we substitute for y, v. +v, we hare 

dx^ ' dxdx 

It is evident that the same proof would apply to any number of 
terms connected by plus or minus signs. We should then have 



^(.±v±»±-). 



du dv dm 
dx dx dx 



28- Proof of IT. Let y=uv; 
then 1/ + Ay = (m + Am)(ii + Aw), 

and Ay = (m + Am) (w + An) — uv = u Ak + (m + Au) Av. 

Divide by Ax; 
then M = „^ + (,+ iu)^. 

Ax Ax Ax 

Now suppose Ax to approach zero, and, noticing that the limit of 
w 4- Aw is u, we have 

dx dx dx' 
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29. Product of Several Factors. Formula lY. m&j be extended to 
the product of three or more factors. Thua we have 






dx die dx' 

It appears from the preceding that the derivative of the product 
of two or three factors may be obtained by multiplying the deriva- 
tive of each factor by all the others and adding the results. 

This rule applies to the product of any number of factors. To 

prove this, we assume 



;("■"-■»•)= 


= 1hUi 


.... 




+ W,«S«j — 




b^D 


l(- 


■■ M-W- 


„)= 


="-'£("■«"■■ 


■«.)+»!»■ 


■■■'■'^' 




■MjW," 


•«.. 


„|. + w.-. 


• ""■!■■+ 


...+«,«,. 


■■'-"^'t' 



Thus it appears that if the rule applies to n factors, it holds also for 
n + 1 factors, and is consequently applicable to any number of 
factors. 

17ie derivative oft?ieproduct of any number of favors ia the sum of 
the products obtained by multiplying the derivative of each factor by oil 
the other factors. 



80 DIFFERENTIAL CALCULUS 

30- Proof of V. This is a special case of IV., — being zero. Gut 
we may derive it independently thus : 

Ay = cAu, 
Ay _ Am 

f.cp, or f (») = A 
dx dx dx ' dai 



31. PioofofVl Lety=H. 


Then 


»---l;^^ 


therefore 


. K + Aw M kAu — HAi» 
D + Ar w (w4-Ad)«' 


and 


^A«_^Aw 
Ay._ Ax Az 



AiB (d + Aii)« 

Now snppoee A* to approacli zero, and noticing that the limit of 
w + Ad ia V, we have 

dv dx dsR 



Or we may derive VL from IV. thns: 
Since y = -, 

therefore ^=if. 
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■' de das das 

^,^_dw_wdw. 

dx dx vdx' 

du dv 

therefore dy _ dx dx 

dx ? 

32. Proof of VII. First, suppose n to be a positive integer. 

Let y = W, 

then y + Ay = (« + An}', 

and Ay = (u + i«)" — u". 

Putting «' for « + in, we have 

Ay = u" — «" = (u' - u) (u'"-> + «'^»« + «'"-•«' + — + w^")- 
that is, Ay = Aii(M'"~'+M'"~*M + M'""V — H «""')> 

^=(.-+.-„+.-.....+„-,^. 

Now let Ax diminish; then, u being the limit of u', each of the n 
ter^ms within the parentheeia becomes u*~*; therefore 

dv > dti 

-f- = ««■-»—■ 
ax dx 

Or it may be proved by regarding this as a special oaae of Art. 29 
trhere Ui, u^ ■■• and u, are each equal to u. 

Then 4-i^') =«'"'t^ +w""*3^ + -ton terms 
das da; ooi 

-id« 



SeooM^ suppose « to be a positive fraction, ?. 



Let jr - u*, 

then y* = M'! 

d 
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But we have already showo VII. to be true wlieQ the esponent is 
a positive integer; hence we may apply it to each member o£ this 
equation. This gives 

therefor. *,_j,«;i'*. 

ax <f y' ax ' 

Substituting for y, u*, givea ! 

dy _p u'"^ du _p'i-^du 
dx q p^dx q dx* 

which shows VII. to be true ia this case also. 

Third, suppose n to be negative and equal to — m. 



L XT, ay ax ax _ .om 

by VI., f- = = 5 = — mw-"-' — . 

Hence, YII. is true in this case also. 

EXAMPLES 
Differentiate the following functions : 
1. y = «*. 

dy d ,^, 

If we apply VII., substituting u = x and n = 4^ we have 

^{3*)=: 4.3^^ = is?. bvL 

dx dx ^ 

Hence, ^ = 4a:». 

dx 
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|=|(3^+i:^)-|(3^)+|(4A 



by in., making « =33!* and w = 43r'. 




£(3:^)=3|(A b,V. 




= 3-4j!« = 12«'. 


Similarly, 


£(4«,=4£(a») = 4.3«.= 12,?. 


Hence, 


$!- 12«? + 12aJ = 12(«' + A 
or 


3. s-ni + l. 


l = |('') + >- 



£(x!)=|>>i, bjvn 

£(2)=0, bylL 



4. s=3VS ^ + 5 + o 



= |.-»_2^_|y-l_3,-. + 
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dx dx\a? + 3j 
Applying VI., making 

u=z+3uid v = z* + 3, we hare 

a/» + 3\ ( ^+«)|(-+3)-('+3)|(«-+3) 

_ !B' + 3-(a! + 3) 23; 3- 



^^ + 3)• (i^ + 3)" 



^ dx («^ + 3)" 



>. s=(«' + 2)l. 



dx dx 



If we apply VII., making 

« = a!* + 2 and n = -, we have 



3(«" + 2)* 



<l» 3(»' + 2)>' 



7. 9-(«>+l)V?^ri 
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If we apply IV., making 

« = a* + 1 and v = (3? — x)^, we haTe 

|(:^ + 1) = 2., 
Hen(l«£.|(it' + l)(3a^-l)(«'-ar)-i + (i'_i)i2« 

(;E* + l)(3iF'-l) + 4a<a^-a!) _^7 a!*~2ic'-l 
2(!t>-«)l ' 2(«"-«)l ' 

S. s-3ii?"-2«f + »"-6, * = 3(10»?-4!«' + «^. 

II .-B1/3J. * 2 3 d^_ i 6 2 12 

lOl y = (a: + 2a)(a!-a)*, ^ =. 3 (a:* ~ a*). 

11 /*■ *M dy 4 (3!* - aV . 
11. w=(a;* — a'r, j > — 

Differentiate Example 11 also after expanding. 

12 ,r gg-l dy 2iC 

' (»-!)■' *» (•-1)' 



IS. 



y = «Crf+6)« £-6(i> + l)(i' + B)». 
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dy_ 3aV!e*-"a 
die z* 



Differentiate tKitb memlierB of tlie identical equations, Ezs. 17-19 
IT. (a!' + aa; + a')(3^-oa! + o') = a!< + aV + a*. 



It. 



Sst- 



2»"-S» + l 
SO. x-Hf+a-y?- 
21. „, P''-»)' , 

' (2a-3«)" 



»-l 2»-l 

^_(»l" + a^(l'+a')'T- 
<ly_ 6(3l'+41)(2C-31' 

dy 2<i3!*f24ic + 6o)fa + 2ar) ' 
(to (2a~33!)" 'i 



113. s-(a: + l)^3»-8)'(» + 2)", 

S - 3 (13 «■ - 24)(« + 1)'(3 » - «f(i! + 2)? 



as. .= /»— . 

V2ax-«* 



% g' 

■*' (2ii«-»^i 
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27. s 



2«' + l. 






30. » 










3 




a-Vl-i" 


<£x 


3 




dl 


4((1+1)» 


* 




2oW 


d3S 


(r# + , 


»•)•(«■-<•■)• 


*. 




•■-1 



<!» (>!'+x+l)V«' + «' + l 



SI. y~ 



ta!* + 6a; + l dy_ 12 g* 



(4« + l)l ^ (4i + l)' 

y =a (a:*— 3aa!)*(4a:* + 8 oat + 15 a*)*, 

4(2j^-9<i^ 



*' (rf-3o«)'(4»'+8<i» + 16rf)* 

33. y = (flj+-v^?+I)'(«Vas»+l-a!), 

| = (»--1)(«+V?+1)-. 

31. For wh&t valaes ofxis 3a^ — Sx'an incteasii^ or a decreas- 
ing fanotion of a; ? 

Ant. laoreasing, when x > 2; decreasing, when x < 2 

35. A vessel in the fonn of an inverted circular cone of aemi- 
vertical angle 30*, is being filled with water at the uniform rate of 
one cubic foot per minute. At what rate is the surface of the water 
rising when the depth is 6 inches ? when 1 foot ? when 2 feet ? 

Aiis. .76 in. ; .19 in. ; .05 in., per sec. 
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36. The side of an equilateral triangle is increasing at the rate 
of 10 feet per minute, and the area at the rate of 10 square feet pet 
second. How large la the triangle ? Am. Side = 69^ ft 

37. A reBBSl is sailing due north 20 miles per honr. Anothei 
ressel, 40 miles north of the first, ia sailing due east Id miles pei 
hour. At what rate are they approaching each other after one 
hoar ? After 2 hours ? Ana. Approaching 7 mi. per hr. ; separating 
15 mi. per hr. 

When will they cease to approach each other, and what is then 
their distance apart ? 

Ana. After 1 hr. 16 min. 48 sec Distance = 24 mL 

38. A train starts at noon from Boston, moving west, its motion 
being represented by « = 9 (*. From Worcester, forty miles west of 
Boston, another train starts at the same time, moving in the same 
direction, its motion represented by a' = 2 C. The quantities a,^, 
are in miles, and t in hours. When will the trains be nearest to- 
gether, and what is then their distance apart? 

Ana. 3 p.m., and 13 mi. 
When will the accelerations be equal ? 

Ant. 1 hr. 30 min., p.m. 

39. If a point moves so that a = -Jt, show that the acceleration 
is negative and proportional to the cube of the velocity. How is 
the sign of the acceleration interpreted ? 

40. Given « = - + &(*; find the velocity and acceleration. 

41. A body starts from the origin, and moves bo that in t seconds 
the coordinates of its position are 

a:=(» + 4f»-3l, y = ^-.3t*_4t 

Find the rates of increase of x and y. 

Also find the velocity in its path, which is 



-wm- 



Asm. 6f + B. 
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42. Two bodies move, one on the axis of X, and the other on the 
axis of T^ and in t minutes their distances from the origin are 

«i-2(*-6(feet, andy=6f — 9 feet 

At what rate are they approaching each other or separating, after 
1 minute ? After 3 minutes ? 

Ana. Approaching 2 ft. per min. j separating 6 ft per min. 
When -will they be nearest blether ? Ana. After 1 min. 30 sec 

43. In the triangle ABC, L and M are the middle points of BC 
and CA respectively. A man walks along the median AL at a uni- 
form rate. A tamp at B casts his shadow on the side AC. Show 
that the velocities of the shadow at A, M, C, are as 2*: 3': 4*; and 
that the acoeleratioDS at these points are as 2* : 3' : 4*. 

SuGQESTioir. — P being any position of the man, draw from L a 
line parallel to BP. 

33. Formnlc for Differentiation of Logarithmic and BzponentUl 
Fnnctloiis. 

Vin. |-log.M = Iog.«^ 



XL ^e- = <rf 



dx dx 
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34. Pnxrf of VIII. Lety = log,u, 
then y + 4j/ = log, (w + Am), 

iy = log. (m + Am) - l(«.w = log. HJlAl 

Dividing by Ax, 



JL~ I 



If Ax approach zero, Ak likewise approaches zero. 

Now Liina^A + ^y" = Lim«/'l+iY. 

For, if we put —=z, 

' ^ A« ' 

and as Am approaches zero, z approaches infiaity. 
But in Art. 12 we hare found 
Lim„^l4-iy=«t 

therefore Lim^^Cl 4- — V" = •• 

Hence, if we take the limit of each member of (1), 
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35. Proof of IX. This is a special case of VIII., -vhen a=:e. 
In this case 

l<^,e = log,e = l. 

Note. — Logaiithms to base e are called Napierian logarithms. 
Hereafter, when no base is specified, Kapierian logarithms are to be 
understood; that is, 

logu denotes log^u. 

36- ProofofX 

Let y = a'. 

Taking the l<^arithni of each member, we have 
log 3/ = w log a; 

therefore by IX,, dx __ , d« 

T (to' 

Multiplying by y = a", we have 



- 37. Proof of XI. This is a special case of X., where a = e. 

3& ProofofXII. haty^W. 
Taking the logarithm of each member, we have 
logy=wlogM; 

therefore by IX., ^ = ^ + loeu— 



Moltaplying by yntf, we have 

^=»,-f?+log...-f!. 
dx dx ax 

The method of proving X. and XII. by taking the logarithm of 
each member, may be applied to IV., VI., and VIL 
This exeroiae is left to the student. 
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EXAMPLES 
(Bee note, Art. 8G.) 



1. ff-log(2a!»4-3a*), 
8. y=ixrlog(ax + b), 



dx 2a!* + 3«* 



|-'-[iS+"'°«('"+"J 



>• '-«ii«' 


dff ]+logx 

*1! (llogi)' 


4. j, = log.(3» + 2), 


ii» 31og„e 1.3029 
da: 3a: + 2 3a!+2 


»■ »='»c-;-l' 


* 2(* 
da; aW~6» 


.. „=,..'^, 


* 8 

(i« 3«' + 10»+3 


'■ -«<-^l- 


* 2(C-1> 
dt f + l' + l 


8. y = a'e-, 


g.(H-loga)af«'. 


9. j.log(o- + f), 


dv or log a + 6- log 6 
da! a- + &" 


10. »-(«'-!)•, 


| = 8^(.>-1)-. 


Differentiate Ex. 10 alao after exjanding. 


11. J-^'+g'"-", 


d! Un-lOaf^ 
dx (a^-S)" 


12. y = (3«-l)V-, 


4-3(9a?-l).»-'. 
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13. y-ifer, ^ = «"P(6 + ilog6). 

It. y-loglog.-l ^-^^- 

log X ax X (I<^ a;)' 

IMff erentiate both members of the identical equations, Exs. 16-18. 

15. (a! + e')* = 3!' + 4a^e' + 6a?fi*"+4aje»'+«*'. 

16. (a--0» = a*-3a*«'+3a''e»"-e^. 

17. log(e^ + e»') = log(e^' + e*-')+a: + a. 

18. 3*^' = a'-*'. 

19. y = £%^-log(=«+l), 

30. !l= log (VJT^ + v^), 

S2. y=log.i^=^= — 1 ^ p= 

VS+T+1 

23. j-.[0og«)"-21og«+2], g=(logi)'. 

24. !, = log(VJT^-V?ir;), ;£-- 3(l,_„,)i 
J-log(VI+3+VJ+2)+V(« + S)(. + 2), £=-s^ 

"^ ' '^r' + l + e— dx e^ + l + e-"" 



dff_ log a? 
dm (« + !)' 

liy^ 1 

*« 2^3^ + ax 



i + l' 



20. 
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27. j = lc 



— log a; 
'l + log« 



as. s-(3(*-2e^ + 2)V2«'- + l, 



aj 1 

dx X log 3! (1 + log X)' 
dy 3Qg^ 



<*'= V2 e*" + 1 
28. v = 3 1og(V?+3-3) + log(V?TS + l), 



a!'-2V?+3 



30. y = log (a+ V2aa!-a*)H — 



_^Ja_ 



31. 9 = 1 



j^+l+VJ' + az^+l ^ dj_ 



2(ai + V2ax-a^ 



32. !) = Iog.(i + a), 



d.v_ 1 r 1 log.(» + a> "[ 

dx ]ogx\_x + a X J 



The following may be derived by XII. or by differentiating aftei 
taking the logarithm of each member of the given equation. 



33. y^af, 

34. !f = (<afy, 

35. s = i^, 

36. s = Oog«n 
3V. j = j!i">«", 



g-(a^-[2 + log(o«?)]. 

g=(«+i)aog«)-«<-'->--. 



U+oy <i» \x + aj\x + a a 'x+al 
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Tlie method of differentiating after taking the logarithm of the 
expression may often be applied with advant^e to algebraic func- 
tions. This is sometimes called logarithmic differentiation. 

lu this way difEerentiate Exa. 21-26, pp. 36, 37. 

39. Find the slope of the catenary (Art. 128) .vs= 2 (e^ + e~-), at 

What is the abscissa of the point where the curve is inclined 46° 
to the axis of X ? Ana. as =s a log, (1 + V2). 

40. When does \ogmx increase at the same rate as x? 

Ans. When a = loga, e = .4343. 
When at one third the rate ? Ana. When a; =1.3029. 

Verify these results from logarithm tables. 

41. If the space described by a point is given by » = a«' + 6c~', 
show that the acceleration is equal to the space passed over. 

42. If a point moves so that in t seconds s = 10 log feet, 

( + 4 
find the velocity and acceleration at the end of 1 second. At the end 
of 16 seconds. Ans. Velocity = — 2 ft, and — .5 ft per sec 
Acoeleration = .4, and .026. 



an increasing or a decreasing function ? 



(«-2)' 



Asm. Increasing when x > 3 ; decreasing when x < 3. 

39i Formula for Differentiation of Trigottometrlc Functions. In 
the following formulae the angle w is supposed to be expressed in 
circular measure. 

XIII. |sm. = o<...|- 



'-tiaiu = «x'u^- 
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XVI. — cotw = — coaec'u— 



XVIL -^8ec«=8ee«taii«^. 
dx ax 

XVIII. l-coaeo w = - coaec u cot u^- 
dx dx 

do ax 

40. PtoctfofXIII. Letjfsginu, 
then y + &)/ = sin (u + A u) ; 

therefore Ay™ sin (u + Au) — smu. 

But from Trigononietiy, 

sin ^ — sin 5 = 2 sini(^ - B) cos hAi-S). 

It we snbstitnte A = u + &u, and B^u, 

we have Ay =2 coe (u+ ^)«in^. 



Aid V 27 Ah Aai 



Now when Ax approaches zero, Au likewise approaches zero, and 
as Au is in circular measure, 



= 1. See Art. 12. 
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tt. Proof of HV. This may be deriyed by Bubstituting in XHI 
for u,|-M. 

d f dwN - du 

or — coaw B am u( — ^ 1 " —sin m =-• 

021 V, oxy da) 

42. Proof of XT. Since tan u = SiSJi 
cosu 

d . . d 

coBM — Bin w — sin w — cosu 
, -_ o ^ da; da 

by VI., T-tanM= g — 

•' ' da) una' 11 



co8*w:x-+sni*«:r' :j- 



da; da; 
' ooa*it 



43- Proof €f XVL This may be derived (rom XV. by sabetitut 
ii^ "-— tt for M. 



44. Proof of ZVII. Since see u = 



— —cos « Bin «— 



^ ^ da) °^ COB*U " OOB^U 

■■ sec K tan u— ■ 
da) 

46. Proof of XVIII. This may be derived from XVIL by sub- 
stituting ? — w for tt. 

46. Proof of XIX. This is readily obtained from XIV. l^ the 
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EXAMPLES 

1. y = 3 8in3iBC08 2!B -2coB3a!Bm 2i», ^ = Beofl3«eo8at 

dx 

2. y = logcoa'a; + 2a!tana!-a!', ^=2a;tan*^ 

■ dx 

3. y == log (sec WW! + tan mx), ^ = m sec wkc 

4. y=Iog(asin'a! + 6co8»ir), dy_ 2 (a-6) tana; 

dx a tan* x + b 

6. y=oos a leasee (»-«) + (Jain «, (^y _ am 

•^ ^ (« eos(tf-a) 

y=(m-l)8ec-+'a!-(m+l)8ec— 'ir,^=(Mi»-l)8ec-->a:tan'a 
y = log tan [««- j\ £= -2a sec 2aa. 

8. »■ = log [sec tf tan * (sec + tan tf)n , ^ = (sec g + tan tf)' . 

'^-' dtf tanfl 

9. y = cosec" oa; cosee' bx, 

— = — cosec* oa; cosec' bx (ma cot (le -f n& cot fta:). 

10. y = 2ie'3in2!(! + 2a:co3 2a; — eia2a^ ^ = iar" cos Sai 

11. y = 2 tan' a; sec a: + tan a; sec a; — log (see a; + tan a;), 

£=8tan'a!seo»iB. 

12. y- siax + omx dy _ 2am a; 

«■ * (te ? * 

13. y = e*'(8m2a!-6cos2a!), ^=13e*'(sin2a!-eoB2a!> 
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14. y = log 



15. J = 

16. s = 

17. J = 

18. J. 

19. j = 

20. y = 

21. J" 

22. !l = 

23. !,= 

24. s = 



cos (x + a)' 

Bin' 4a! cob* 3a!, 

I ain a! + yats a: 
ain a! — vers x 

^ (Bin 2 a!)', 
: (tan a!)""*, 
(sma,)""— , 



Hog-Jij 



r (tan « — Scot ic) Vtana^ 



dg Bin a 

dX COB IC GOB (x ■+■ a) 

-£ = 12 Bin* 4ic cos* 3a; cos 7as. 
dx 

^ = Becx. 
dx 

^ = w (log Bin 2x + 2x cot 2«). 
die 

-2 = y (cofl 3! log tan k + sec le). 
^ = y (cot iT log cos X ~ tan a; Xog sin x). 



log- 



ain^(« + «) 
a log (o sin a; + 6 cos as) + 
sinf'2a!-^^ 



dy _ ain a 
d(9 cos a — cos Q 



^y — a' + ft* 
dx a tan a; + fi* 



dz 1 + sin 4fD 



25. y = l(^- 



dx 4 — 6 ain (B 



60 DIFFERENTIAL CALCULUS 

og. a»mx+b vers x dy 2 db vera x 

aaiax—b vers m* das ~ (o sin a: — 6 vers xf. 

Iq each of the following pairs of equations derive by diffeieiiti» 
tion each of the two equations from the other: 



27. 


■iti2z 


= 28micco9a, 




cos2« 


= C08*a; — Bin'ft 


as. 


>m2z 


2tana; 


l+tan»x' 




«»2» 


1- tan'a: 



29. BiD8iC = 3sina; — 4sin'z, 

cos 3x = i QOB*X — 3 COS X. 

30. 8iii4a; = 4sinircos*a; — 4co8irsiii'^ 
cos 4 a; = 1 — 8 sin'aicos'a:. 

31. ain (ni + n)x=Biiinuccosna;-f-cosma;BiiiRa!, 
cos (m + 'n)x= cos mat cos nx — sin tnai sin nx. 

3S. If fl vary uniformly, so that one revolution is made in r sec- 
onds, show that the rates of increase of sin fi, when $= (f, 30°, 
46*", 60°, 90°, are respectively 2, VS^ V2^ 1, 0, per second. 

33. If ff is increasing uniformly, show that the rates of increase 
of tan S, when tf = 0°, 30°, 45°, 60°, 90°, are in harmonical progres- 
sion. 

34. For what values of 6, less than 90°, is sin + cos $ an increas- 
ing or a decreasing function? Find its rate of change when 9wl6", 
the rate of change of $ being <u. ^,jg _^ 

V2' 

35. The crank and connecting rod of a steam engine are 3 and 10 
feet respectively, and the crank revolves uniformly, making two 
revolutions per second. At what rate is the piston moving, when 
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tlie crank makes with the line of motion of the piston 0°, 45", 90°, 
135% 180"? 

If a, b, X, ace the three aideB of the triangle, and B the angle 
oppoBtte h, 

x = a cos $ + Vb* — a" sin' $. 

Ana. 0, 32.44, 37.70, 20.87, 0, ft per sec 

36. A crank OP revolves about with angular velocity u, and a 
connecting rod PQ is hinged to it at P, whilst Q is constrained to 
move in a fixed grooTe OX. Prove that the velocity of Q is a. OR, 
where £ is the point in which the line QP (produced if necessary) 
meets a perpendicular to OX drawn through 0. 

47. XnTerse Trigonometric Functions. The inverse trigonometric 
functions are many-valued functions; that is, for any given value of 
x, there is an infinite number of values of sin~*a!, tan~'!r, &C. 

For example, wn-*- = ~±2Bir or ~±2nir,wherenisany integer. 

But if the angle is restiicted to values not greater numerically 
than a right angle, sin~'a: will have only one value for a given value 

of at. Then sin-'~ = ^, sin-'f — -)= — ^' We thus regard sin-'a:, 

2 6 \ 2 J o 

co8ec~'a!,tan~'3!, and cot"'a;,as taken between — ^ and ^, that is, in 
the first or fourth quadrants. 

But coB~'jB, sec~'a!, and vers~'aT, must be taken between and w, 
that is, in the first and second quadrants, which include all values of 
the cosine, secant, and versine. 

These restrictions are assumed in the following formulae of differ- 
entiation. 

48. Formal* for Dlffereatlation of Inverse Trigonometric Fnnctiona. 
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du 
dx 



XXm. |cat-«=-jf^ 



XXIV. °-"— ■"- ,°^ - 



XXV. — coseo-' « = ^ 

da: wyiji 



XXVI. Avers-' M=^^=_. 

49. Proof of XZ. Let y = sin"^ u; 
Cberef ore sin ^ = u. 

ByXIIL, coBy^ = ^; 

da; cLc 

da 

therefore -^ = 

dar cosy 

But cos y = ± Vl — ain'y = ± VI — i^. 

If the angle y is restiicted to the first and fourth quadrants 
(Art. 47), cos y is positive. 

Henoe cosys VT"— tJT 



dy _ ^ 
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50. Proof of ZZI. Letysco8-'«! 
therefore cos y^tt. 

By XIV., -8^yf = ^! 
therefore -^ = : — • 



But sin y = ± V 1 — cos^/ = ± Vl — «*• 

If the angle j/ is reatrioted to the first and second qoadKtnts 
(Art. 47), sin y is positive. 

Henoe sin y = Vl — i^, 



ax VI -w* 
51. Proof of XXII. Lety = tan-'M; 

therefore tan i/ = u. 

ByXT, "^^f-T 



dy __ dx 
(ic~8eoV 



8eo»j/ = 1 + taa»y « 1 + 1^; 



52. Proof of XXIII. TMb may be derived like XXU., or from 
cot-*w = tan~'-. 
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83. Proof of ZXIV. Tbiia may be obtained from XXI. Sinoe 



-— Bee"' W = --COB~' — = - 






^^-y V-^ "^""^ 



64. Proof of XZr. This may be obtained from XX. Since 

J08eo"'« = aia~'-> 
u 



30"' « = — am"' - = — , — = — F= 
da= « J,_l .A" 



(te 



V'-^"nR." "^^ 



55. Proof of XXVI. This may be obtained ^m XXI. Since 
pers"' w = COS"' (1 — u), 



= -COB-'(l-«) =- 



1(1 -„) 



1. ff = tan-' 



EXAMPLES 



2. y=asec- 



.1^ 
3' 

3. »=.,„-. ?^', 

.4. y = verB"' (So!* — 1 
x + a 



dx Sa? - 2a! 4- 1 
3 



dx «V4a!'— 9 



da^ V(a; - 6)(2 - ai) 
dy ^ 4 

da; a? + o' 
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t. y = seo"* Bee* i 



8. , = „™-'.p:-pj, 



9. y = oot" 



*W Vsec'tf + l' 



dy^ 2a 



er-e-- dx e^+e- 



,- _, 3a; dy 1 

. 1 3ar - 2 , „„. _, Sa: - 12 dy __ ^ 

12. 3/ = COB-' VvctbI^ ^= -iVl + seo». 

14. y z= cot ' -— , 



dy ^ a 
dx 3? + of' 



_i m Bin 3! — M cos x 



15. y = Biii-'^ ; 

Vm' + «* 



17. y = tan-'<8eoa! + tana!), ^~2' 



18. y — sin- 



, 2 dg_ 2_ 

«■ + «-*' (to «■ + •■ 



19. y-oot-H«^-«+l) -««-'(«- 1)- 1 = ;?^ 
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30. y = taiL-'*+^*^'°, - ^-- 



22. y = a!'8ee-'|-2Va? — 



dy _ V6iE — lei 
Ac a;" 



Diffeteotiato both members (rf the ideotioal equations, Exs. 23-28- 
33. 2coe-'^p^ = coB-»a!. 

24. 3Ter8-*a:=ver3-'[a!(23! — 3)»3. 

25. ain-' x + sin"' o = 8in-*(ay 1 — a;* 4-a! VI — a*). 

36. tan-'ma! + tan-'»w! = taii-'^^-i^. 
1 — mwr 

27. vere-2£±l=2tan-\BI. 



ai(l + tan3!) \6 



A-tan->^. 



29. ff = 21og 



30. yatan- 



+tan-^^:z:5 gg^ 12^-20 . 

a^+Zx + S^ 4a! ' dx !B* + 6a:* + 25 



ea^ + ie*' 



l + z" 



31. What value must be assi^ed to a so that the ourre 

y = log, (a; — 7 rt) + tan"' ax, 
may be parallel to the axis of X at the point x = l? 

Ans. I or — I- 

32. A man walks across the diameter, 200 feet, of a circular 
courtyard at a uniform rate of 5 feet per second. A lamp at one 
extremity of a diameter perpendicular to the first casts his shadow 
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upon the circular vall. Bequired the velocity of the shadow aloDg 
the Tall, when he is at the centre; when 20 feet from the centre; 
when 50 feet; when 75 feet; when at circumference. 

Ana. 10, 9^, 8, 6|, 5 ft. per see. 
33. Suppose the lamp in Ez. 32 to be moved halfway towards the 
centre; find the position of the man, when the velocity of the shadow 
equals his own. _ _ 100a/TS 

Am. Distance from centre >^ = 64.66 ft. 

56. Relation* between Certain DerlvatlTee. It is necessary to notice 
the relations between certain derivatires obtained by differentiating 
with respect to different quantities. 

To express -^ in terms *>f-^' If ? is a given function of x, then ir 

may be regarded as a function of y. From the former relation, we 

have -?, and from the latter, — . These derivatives are connected 

ax ay 

by a simple relaticm. 

It is evident that —«=—., 

however small the values of ^x and Ai/. As these quantities ap- 
proach zero, we have for the limits of the members of Uus equation, 

^ = 1 (1) 



ordinary fractions. 
For example, suppose 

x=-^ (2) 

y + 1 ^■' 

Differentiating with respect to y, we have 
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This is the same result as that obtained by aolTing (^ with refe^ 
vice to y, giving I 



and difFerentiating this with respect to x. 

To express -« in terTna of -^ and — ; that is, to And the derivative 
dx dz dx 

of a fimctitm of a function. If j/ is a giyen fuDction of z, and z a 
given function of x, it follows that ^ is a funotion of x. This relation 
may often be obtwoed by eliminating z between the two given 
e<iiiationB, but -^ can be found without such elimination. 

By differentiating the two given equations, we find -^ and — , and 

ox ax 

from these derivatives,-^ may be obtained hy the relation 

^ = ^^ (3) 

dx dx dx 

For it is evident that ^ = ^ ^, 

^X az Ax 

however small Ax, Ay, and dz. By taking the limits of the members 
of this equation we obtain (3). That is, the relation is the same as 
if the derivatives were ordinary fractions. 
For example, suppose 

TJj-^] « 

Differentiating these equations, the first with respect to z, and 
the second with respect to a:, we have 

f^ = &', ^ — z^ 
at ax 

By C8)» p- = 5x'i-2x) = ~10x(a*-^*, by (4). 
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The same result mi^t have been obtained by eliminating e between 
(4), giving 

y = (a* -»*)', 

and differentiatii^ thia with respect to ai. 

The relation (1) may be obtained as a special case of (3) t^ 
substituting y = x. This gives 



Another form of (3) is 

^ = ^ (5) 

dx 
which is of frequent use. 

EXAMPLES 

In ExB. 1^, find ^ and thence ^ by (1). 
dy dx "^ ' 

1, j._, «y-ft dy_ (6y-ifc)' _ ftft-ot 

by~k' dx bh — dk (bx — af 

a. 2=Vl + siny, dy^ 2Vl + Bin y^ 2 _ 

da! cosy V2 — !B» 

dy_ (l + lo8y)* . 



1+logy' dii; logy xy — a?' 

Va dx a 2 

In ExB. 6-8 find ^ and x> and thence ^ by (3). 
da: das da; ' ^ ' 

S « 3g 2a; dy ^ 12 

''"°2a-l' ""3SB-2' dx (a!+2)»* 
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7. y = ^ + ^, ? = log(a!-!e*), ^ = 4a?-6ce'+l. 

8. tf = log^^-i-, z = sec X + tan ar, 

mr + o 



die 2 a6 + (a* + 6*) cob x 
B. Differentiate (a;' + 2)* with respect to a;'. 
Let y = (a* + 2)', and a — «*. It is required to find ■^• 
£ = 4x(^ + 2), £ = 3x'. 

10. Find the deriyatire of — , + ~i with respect to - + — 

11. Find the derivative of sin Zx with respect to sin x. 

Ans. 3 (4 cos' x — 3), 

18. Find the deriratave of tan-*y^ with respect to log (1 + x), 

13. Find the derivative of log — ■. ^~ — — with respect to 

a Bin a — 6 cos x 

1 . ab (a' tan x — b' cot x) 

a',fa'»-6'».-.- ^"'- a- + lf 

14. Given jo = 6co8A — co86a, y = 5 sinA — sin 6d; find-^^. 

ax 

Ann. — -= I ail 3^ 



CHAPTER IV 

SVCCES^VE DIFFERENTIATIOK 

57. Definition. As we have seen, the derivatiTe is the result of 
differentiating a given function of x. This derivative being generally 
also a function of x, may be again differentiated, and we thus obtain 
what is called the second derivative; the result of three successive 
differentiations is the Qwrd derivative; and so on. 



For example, it y="^t 




(fal 




4-^ = 120?, 




dxdxdx ^ 


Sa Hotation. 


The second derivative of j 


denoted bj ^■ 




That is, 




SimUarlr, 


^_ d d dy _ d ^^ 

da? dxdxdx dx da? 




^_d d d dy_ d^_ 
da^ dxdxdxdx dxda? 




Af'^daJdaf-' 
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Thus, if y-iT*, 

dx 

dar 

The anocessive derivatives are sometimeH called the Jlnt, leand, 
third, . . . differential coefficients. 

If the original function of x ie denoted by f(x), its sucoessire de- '. 
rivativea are often denoted by ! 

/'(«), /"(«), /'"(«), /"(«), •■• /•(«)■ 

59- The nth Derivative. It is possible to express the nth deriTa- 
tive of some functions. 
For example, 

(o) From y = e", we have 

dx da? ' da!" 

= (ax + b)~\ we have 

= (-l)a(a. + 6)-, g=(-l)C-2)o^(«t + »)-, 



^=l-l)(.-^i-3)cfim + b)-=(.-l)'\3c/(m+br: 



a. 



:(-i,i,».(„..r-.=<^?^. 
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(c) From y = sin ax, we have 

dx \ V 

S"'«"(<-'+i)=-'»('"+f> 

g-a..i„(a« + f). 

EXAMPLES 
1. j = 2a'-6«' + 20a?-6«' + 2«, ^ = 120(i" - « + 1). 

a. s = («'-4)», g_20(!^-l)(.^-4)l. 

3. y = a?' + ar-, 

. g =. ™(m - l)(ni - 2)»-> - m(l« + l)(m + 2)»— < 
jt, |9# |12a? I16» 

ji *i 24 



J. ^ 1^ ^ 2(»'-3»+3) 

r = log8eo», ^■68e<!'«-4iieo"«. 
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10. y = e-(ll8m2« + 2co»2»), ^-12St-am2x. 

U. s = tm-'x, ^^UMl-^, 

(to' (1+aO' 

la. y = tan-. «•-''•, J!,_ 2(e> + «--6) 

2 ,&■ (e- + o' 

14. y = (e^ + e-»)sinafl, ^ + 4aV = 0. 

atf* 

15. y = sce'iainx — oosa;) + SCcosa;, ^ ^ 4 ase' coa ai. 



S + (to«-l).°-2 = o. 



A .2 



+s+»v-'>- 



:.), «.g-3«|+5.=a 



*S. 



16. s-«-"", 

»■ sinMO + cosMK 

18. y = ir*(Bin log a: + cc 

19. J = <i", 
a). y-log(3»+2), 

ai. y = Va! + l, 

22. , = .to6«8m2^ g=lf3-co,('3^+|r)-7-cosr7.+^^ 



^■(log a)'c^. 



<r» (-l)-'3-|n-l 
da^ (3a! + 2)" 

(«'!l_ (-l)'-'1.3.5...(2»-3) 
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The following fractions should be separated into partial fractions 
before difFerentiating. 

J4 „ 3«-< <tV_, .N.i.r 2 ?!__! 

25. s " , *5i.(-l)-|„r^r: 3-*' -1 

' 6r.?-5«i-6' *f ^ "-l(2x-3)~-' (3»+2)-«J 






l)-|„r i 2"' 1 



37 „.. -^ fy . (-l)"-H[.(^-» + l) 

(« + 2)'' (if (» + 2)"' 

2a / m + iy J,_ 4(-l)-a-|«(<B! + ..) 

^ l^(U!-V' (fa^ (oa;-!)--*' 

60- Leibnitz's Theorem. This is a formula for the nth derivative 
of the product of two factors in terms of the successive derivatives 
of those factors. 

A special ease of Leibnitz's Theorem, when n = 1, is Formula IV., 

£c«)=S«+«£ w 



For coQTenience let us use the following abridged notation : 
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Then (1) becomes 

£(W«)=«,» + MV ■ . . (iS 

Difierentiating (2), 

— (ub) = «,» + ttitJ, + «it», + «»,■. UjW + 2 ii,t>i + «^ 

<P 

as M,D + 3 UtVi + 3UiVi + ""»■ 

We shall find that this law of the terms applies, however far n* 
continue the dlfierentiation, the coefficients being those of the Bino- 
mial Theorem ; bo that 

^(uD)>.ii,v + »«,_,Wi + 2i!gzi)a..^+...+„«,t,^, + a«.. (3) 

This ma; be proved by induotion, b? showing that, if true foi 

-— (uv), it is also true for - — —Aiiv). This exercise is left for tht | 
oaf oaf* 

student 
In the ordinary notation (3) becomes 

d^^ ^ dar dsT-^dx [2 dar-*d^ 

, „dmf~h> , ..d"i> 



EXAMPLES 

1. Given ^ = a^ sin 2 a; ; find by Leibnitz's Theorem ^> 

oar 

From (3), -J-^(vv)=:K^v + iu^v^ + G1^^^,+iu^v, + wff 

u^af, ui = 33^, Ufssix, Ut^G, tt^sO. 
r=8in23!, v,=>2cos2a^ v,= —iaji2m, i%=— 8oos2a^ 
V4<=16sin2ai. 
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^ = £i(K'8m2a!) = 0.Bin2a! + 4.6.2coB2ai + 6.6a!(-4Bm2!B) 
+ 4.3a!'(-8c082a!)+a!»168iii2a! 
= 16[(a!'-9ai)8in2ai+(3-6aOco8 2a], 

3. Given yea a-^; find —if- 

Here « = e~, M] = ae", • •• u,_i = oT-'e", m. = o"«". 
r = as, «j = 1, V, = 0, t^ = 0, —. 

Snbetitating in (3), we have 

^ = -^ (e"a;) = a"e"ii! + ntf^' e- = o"-'e"(o3! + n). 

^ 8(^-1)* 

fi. ,-^lc«C2. + l). g^ 48(. + Wy. + l) . 

6. ysBmff log 0080^ ^s8ma;[logoosz — 2taii'a;(3tali*3;+6)j 

7. J-<ftr, g-<l-(logo)-'t(;tloga + n)"-ii]. 
I. «-^±i. gg_(-l).|„(»-")' + " + '. 



CHAPTER V 
DIFFERIHTIALS. INFIHITXSIIUIS 

6L The derivative -^ has been defined, not as a fraction havinfr a 
numerator and denominator, but as a rangle symbol representing tlie 
limiting value of — ^, as Ax approaches zero. In other words, the 
derivative has not been defined as a ratio, but as the limit of a ratia 

We have seen (Art. 66) that derivatives have oertain properties 
of fractions, and there are some advantages in treating them as sach, 
thus regarding -^ as the ratio between dy and dx. 

Various definitions have been given for dx and %, bnt however 
defined, they are called differetUicda of x and y respectively. The 
symbol d before any quantity is read " differential of." 

62. Definition of DifferentUL One definition is the following: 
The differential of any variable quantity is an infinitdy small in- 
crement in that quantity. That is, (i); is an itifinitely amaU &x, and 
dy an infinitely amaU Ay. 

By the direct process (Art. 16) of finding the derivative of an 
algebraic function, Ay is generally expressed in a series of ascending 
powers of Ax, beginning with the first. 

For example, if y = je*, y + Ay = (a; + Asc)*, 

and Ay = 3ai'A3! + 3a!(Aa!)' + (Ax)». •..(!) 

In finding the derivative we have 

^ = 3x'+AxAa! + (&xy, 

Ax ■• / ' 

in which, as Ax approaches zero, the second member approaches ^ 
as its limit, the second and third terms approaching the limit zera 
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If we let Ax approach zero in equatioa (1), every term approaches 
Eero, bat there is ueverthelesa a marked distinction between them, in 
tliat the second and third terms, containing powers of Ax higher than 
the first, diminish more rapidly than that term. 

Thus we have Ay = Sie'Ax approximately, 

and the closeness of the approximation increases as Ax approaches 
lero. 

from this point of view, regarding dx and dy as infinitely small 
increments, we may write 

dy = 33?dx, 

not in the sense that both sides ultimately vanish, but in the sense 
that the ratio of the two sides approaches unity. 

Thus dy=3a?dx, and ^ = 32;', 

dx 

are two modes of expressing the same relation. 

According to the first. 

An infinitely small increment of y is Sit? time* the corre^ionding infi- 
nitely small increment ofx. 

According to the second, 

The limit of the ratio of the inarement ofyto that of x, as the latter 
increment approaches zero, is 33^. 

Just as we sometimes say 

"An infinitely small arc is equal to its chord," instead of 
"The limit of the ratio between an arc and its chord, as these 
quantities approach zero, is unity." 

So in general, if y -f{^, 

thatia, g=/'(3!) + ^ 

where t approaches zero as Ax approaches zero. 
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Hence 



&y=f'(!e)^ + f&x, 



and aa the term cAx dimitxiBhes more rapidly than the term /'(x)Ax, 
we hare 

&yB/'(ir)Aa; approximately, 

or dg=f'(ie)diB. 

Corresponding to every equation involving differentials, there is 
another equation involving derivatives expressing the same relation, 
and the former may be used as a convenient substitute for the more 
rigorous statement of the latter. 

Thus the use of dilferentials is not indispensable, but convenient 
It should always be kept in mind that their ratio only is important^ 
the derivative being the real subject of mathematical reasoniog. 

63. Another Definition of Differentials. From y=/(a;), ire have the 
derivative ^=f'(x) (1) 

If we regard -^ as a fraction, we must define dy and dz so as 

to satisfy (1); that is, they must be 
quantities whose ratio is equal to the 
derivative. 

We may assume dx = Ax, 
and consequently dy =f'(x)Ax. 
Graphically, dx=&x = PR, 

&y = RQ, 
f'{x) = slope = tan RPT. 

dy=f'(x)Ax={ta.tiItPT)PR=BT. 

By this definition of differentials, dx is 
PR, the increment of x, and dy is then RT, the corresponding incre- 
ment of the ordinate of the tangent line at P. 

I'hat the two definitions are consistent will appear, if we suppose 
PB to be indefinitely diminished. 

The smaller we take PR, the more nearly is RT= RQ\ that is, 
the more nearly is dy = Ay. By regarding PR infinitely small, this 
definition becomes that of the preceding article. 
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The Bfloond may be said to be the more rigoTons of the two defini* 
tions, but the first has the adrantage of being more symmetrical, and 
better adapted to the vatious applications of the calculus to mechanics 
and physics. 

64. Formnlffi for Differentials. The formulae for differentiation 
may be expressed in the form of differentials by omitting das in each 



To each of the formulte for a derivative, corresponds a formula 
for a differential. 
Thus we have 
IL dc = 0. 
III. d{u + v)=!du + dv. 
rV. ii{uv) = vdu + vdv. 
VI df-'\ = ^^^^^^- 
VII. d(M") = nu"-'dw. 
DC. dlog« = ^. 
XI. de" = e"dw. 
XIII. d sin u = cos u du, 
XTF. d cos u = ~ sin u du. 



XV. 


d taB u = sec* u (f u. 


XTI. 


d cot M= — coBec'itdtt. 


XVII. 


dBecM = BecM tanwdw. 


XVIII. 


d ooBeo u = — coaec w cot 1 


XX. 


dsia-.- "" . 


XXII. 


^--»=rf;?- 


XXIV. 


dnoo-ii ■ ''" 


«V7^ri 


XXVI. 


dT».'.- *■ . 



van-«' 
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Differentiation by the new forniulEe is Bubstantially the Bame u | 
by the old, differing only in using the symbol d instead of ■— . 

;e + 3 

J» df'-*-^ («'+3)d(» + 31-(» + 3)d(it'+3) 

(»' + 3)ito-(H-3)2afa ' 
(»- + 3)- 

(a!' + 3-2ie*-6a:)da! (3 - 6 » - a!*) da; 
(«" + 3)' (»" + 3)' 

If we wish to express the result as the derivative, we have 
to divide by dx, giving 

dy 3-ex-3^ 
dt (»' + 3)' ' 

EXAMPLES 
Differentiate the following functions, using differentials in 



1. s = («_l)(2-3»)(2« + 3), dff=(-18«' + 2j! + ll)lfc 
(t + l)(l + 2)' (l+l)'(l + 2)' 



+ 1 V»"-2 

C08*fl 0OS*tf 

5. j-«'(a?-6«i' + 24a!-40), dy = «"(^ + 4W 
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t. r ^ Bin 6 log tan $, dr = cob log tan 6d$ + noBd$. 

i. y = Bin-* 3a! + SasV 
S ^ = tan-'tan'0, 



tan*tf — tan'tf+l 



65. Order of laBnttedmals. In Art. 62 we hare spoken of infiniteip 
mutil or infinUeaimat increments. 

An infinitesimal may be defined as a variable whose limit is zero. 

If there are several infinitesimals that approach zero simnlta- 
neously, one of them, a, may be taken as the standard of comparison 
and called the principal i7{/initesimal. 

Then a?, k', a", are said to be infinitesimals of the second, third, 
nlh orders, with respect to a. 

In general the order of an infinitesimal is defined as follows: An 
infimtesimal is said to be of the nth order with respect to a when 

Lima_«^ = ft, afinite quantity, not zero. ... (1) 

When n= 1, )3 is of the first order with respect to a. 
When n = 2, )3 is of the second order with respect to a. 

From the definition it may be shown that the limit of the ratio of 
ui infinitesimal to one of the same order is finite, and to one of a 
lower order, zero. 

Equation (1), Art. 62, illustrates infinitesimals of different orders. 
If we write it 

dy = 3a^ da; + 3a! (die) » + (dx)', 

ind regard dx ae the principal infinitesimal, the terms of the second 
member are infinitesimals of the first, second, and third orders, with 
wspeot to dfl!. » 

Again, if we regard x as the principal infinitesimal, of what orders 
ue sins and versx, with respect tax? 
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By Art. 12, Iiinw* ^5* = i^ » finite quantity. 

Heace by (1) siii x is an infinitesimal of the first order with lespecl 

ar sin'z ar 1 + cosa: ^ i: / . 

a finite quality. 

Hence by (1) verax is an infinitesimal of the second order witb 
respect to x. 

Show that tan $ — sin tf is an infinitesimal of the third order witb 
respect to $. 



CHAPTER VI 
WPLICIT FUKCTIOirS 

(See al£0 Art. lU.) 

66- In the preceding chapters differentiation has been applied to 
e^lkit functions of a variable. The same rules or formulee of diSer- 

entiation are sufBoient for deriving -2 —^ —^ ■■■ when v is an 

(te (ir dar 
implicU function of x; that is, when the relation between y and x is 
expressed by an equation containing these variables, but not solved 
with respect to y. 

For example, supjWBe the relation between y and x to be given by 
the equation 

Differentiating with respect to x, 

Having thns obtained the first derivative, we may by another 
differentiation find the second derivative. 

da^ dxa*y a*^ ^? 
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SubBtitutiDK now for -2 its value, 

da? ay- (^' 

By diffeientiating a^in, we may obtun 

The first difEerentiation may be conveniently performed by diffe^ 
entialB instead of derivatives. Thus we should ha.ve from the 
equation 

2a'^ds + 21^dx = 0, 



In deriving -^t^K' --t derivatives should be used rather than 
differentials. "^ ^ 

EXAMPLES 
Find the following derivatives. 
I. (a!-a)'4-Cy-6)' = c', 



y-b' dn? (s-6)»' da^ (y~6/ ■ 

3. (cos (!)*= Cain *)• gj^log sin .^ + .^tana_ 

' '^•" dtf log COB * - fl cot ^ 

djj _ inr + fty dV_ ft' — «& <ffa!_ h*—ab _ 
(to" fcc + fiy' (ia^~(Aa! + 6y)'' d^~ (ax + ky)* 
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W. (r = arff. 



y-log« ^^ 



-log a) 



da; a; — log fc' das' (aj — logfi)' 



CHAPTER Vn 
8XRIES. POWXR SXSIS8 

67. CoiiTergent and Dlvergfliit SeiiM. Tbe series 

Ml + Wi+«»H +tt,+ «*n, (1) 

cooiposed of an indefinite number of terms following each othei 
aocoiding to some law, is said to be convergent when the sum of the 
terms approacbes a finite limit, as the number of terms is indefi- 
nitely increased. But when this sum does not approach a finite 
limit, the geiiee is divergent. That is, if S^ denote the sum of the 
first n terms of (1), the series is convergetU, when 

Lim^.s 5, = some definite finite quantity. 
When this condition is not satisfied, the series is divergent. 
Thus the geometrical series, 

a + ar +ar' + ia'+ — 

is convei^ent when r is numericaJly less than unity, and divergent 
when r is numerically greater than unity. 

For a, = o + cr+ai'+."+a/->-2£kli2. 

1— r 

When *|r|<l, Lim«>S,- ° . 

When |r| > 1, Lim,^S.aroo. 

When lr| a=l, the series is also divergent. 

68. Series of Positive and Negative Terms. Absolute and Conditional 
Convergence. In the case of series composed of both positive and 
negative terms, a distinction is made between abaolute convergence 
!KnA conditional convergence. 

■■ I r I dsDotes the Dameritisl vslne el r, 
78 
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Before defining these tenaB, the following theorem should be 
noticed: 

A series tohoae terms have different sigtia ta conv^ejU if the aeries 
formed by taking the absolute valves of the terms of the given series is 
amvergetit. 

Without giving a rigorous proof of the theorem, we may regard 
the given series as the difference between two series formed of the 
positive and negative terms respectively. 

The theorem is then equivalent to this : 

If the sum of two series is convei^ent, their difference is also 
convergent 

A series is said to be absolutelp convergent, when the seriee of the 
absolute values of its terms is convergent. 

A series whose terms have different signs may be convergent 
without being absolutely convergent. Such a series is said to be 
oondiiionally oonvergejU. 

For example: "*■ ~2 '*' 3 ~ 4 "*" ^^ 

convenes to the limit 1(^. 2, , 

but it is not absolutely convergent, Binos 

^2 3 4^ 
ia divergent (see Art 70). 
Seriee (1) is accordingly conditionally convergent 

is absolutely convergent (see Art. 70). 
69. TeaU for Conveigence. The foUowit^ are some of the most 

useful tests. 

Jn every convergent series the nth term must approach zero as a 
ImjuI, asnis indejiniiely increased. 

That is, the series «, + «,+ «(•{ 1-«^ + — 

is oonve^ent, only when T-'"', ,« »■ = 0. 
For 8, = 8^t + u^ 
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If the sum of the series lias a definite limit, 

Hence Lim,,.«, = (1) 

For a decreasing series whose terms are alternately positive and 
negative, this condition is suffidetU.* 

For example, i _ i + _ _ ^ ... 

ie conTei^nt. But the decreasing series 

2_3 4_6 
i 2 3 I' 

is dive^ent, as it does not satisfy (1), since Lim,^. «, = 1. 

The sum of this series oscillates between two limits, log, 2 and 
1 + 1(^ 2, according as the niiml)er of terms is even or odd. Such a 
series is called an osdtlating series. 

For a series whose terms have the same sign, the condition (1) is 
not sufficient. For examjAc, the harmonic series 

^2^3^4^ 
is divergent (see Art. 70). 

70- Compariion TesL We may often determine whether a given 
series of positive terms is convergent or divergent, by comparing its 
terms with those of another series known to be conve^ent or diver- 
gent 

In this way the harmonic series 

may be shown to be divergent, by comparing it with 
* The proof of this \e omitted. 
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Each term of (1) is equal to, or greater tlian, the correspondli^ 
term of (2). Hence if (2) is divergent, (1) Is also divergent. But 
(2) may be written 



The sum of this series is unlimited; hence (2) is divergent, and 
therefore (1). 
Consider now the more general series 

h+h-'h-'h* w 

If J) ™ 1, the series (3) becomes (1), which is divergent 
If p < 1, every term of (3) (rfter the first is greater than the cor- 
responding term of (1). Hence (3) is divei^nt in this case also. 
If p > 1, compare 

Every term of (i) is equal to, or less than, the corresponding 
term of (C). But (6) may be written 



i geometrical series whose ratio, —, is less than nnity. 

Hence by Art. 67, (6) is convergent and consequently (4). 
Thus it has been shown that 

whenp^l, the series (3) is divergent; 

when p >1, the series (3) is convergent. 

The series (3) together with the geometrical series are standard 
series, with which others may often be compared. 
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71. Cauchy's Ratio Test. This depends opon the ratio of any 
term to the preceding term. In the series 

«, + «. + «,+ - + «<, + «M4+- . • • (1) 

this ratio is --^■ 

Let us first consider, from this point of view, the geometrical 
^"^^ a + ar+ar* + ...+OT- + or-+'+--. (2) 

Here the ratio -^^ = r, and is the same for any two adjacent terms. 
We have seen (Art. 67) that this series is oonvei^ent ot divergent, 
aocordmgas |r|< 1, or|r|> 1. 

That is, (2) is oonve^ent or divergent according as 

\^ <l,or|!^|>l. 

If nov (1) is any series other Uian the geometrical series, the 
ratio -^ is not constant, but a function of n. The series is then 
convergent or divergent, according as 

1 Lim„|!^l<l,orLim„|!^'|>l. . . (3) 

We will first suppose (1) to be a series of positive terms. 

Let 



Suppose /> < 1. By taking n sufficiently lai^ we can make 
-^ approach its limit p as nearly as we please. 

There mast be some value m, of n, such that when » ^ tn, 

-=^< r, a proper fraotum. 

Henoe %^\ < ujr, B^, < M_,,,r < «,r*, eto. 
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But since r < 1, the seoond member of (4), ■whioh is the geometrical 
series, is conTergent, and therefore the first member 

is convergent. Consequently (1) is conve^ent. 
Suppose /» > 1. By similar reasoning, when n > tn, 
-^ > r, an improper fraction. 

Henoe <Wi>««») «-+i > w-+i»" > m»^+ et«- 

w-+«-+i+'Wi +— >«-+«-'■ + «-'*+— . 

Since r > 1, the second member, and therefore the first member, 
taust be divergent. 

Thus the theorem is proved for a series of positive terms. 

If the terms of (1) have different signs, it is evident from Art. 68 
that the series will be absolutely convergent if 

Lim„|^'|<l. 
It is also true that for different signs, (1) will be divergent i£ 

Lim,„p^ — >1. 

The proof of this latter statement is omitted. 

If Lim^l^Ul, 

the series may be either convergent or divergent There are othei 
tests for such cases, but they will not be considered here. 

EXAMPLES 
I. Is the following series convergent ? 
1 




2(n + l) 

As this is less than unity, the given series is conve^ent. 
Its limit is li%,2, as will appear later. 
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Determine which of the following series are convergent, and which 
divergent. 

»• I + I+I+I+-- Bj(3),Art.n 

By (1), Art. 70. 



1-2 2-3 3-4 1-5 
s 1J.2,3, 4,6. 



7. )+±+^ + ^ + .... 
^(2^13 ^J4^ 



1 2,3 4,6 



Bj (1), Art 69. 
, +•••. Compare with (3), Art. 70. 



10. -t p H H . Compare with (3), Art. TO. 

1+Vl 1 + V2 1 + V3 ^' 

11. log|-log|+log|-log| + .... Bj(l),Art.69 

12. 8eo| — 8ecj + 8ec| — 3eo|H — . 

13. ein'5 + ain'5 + sin'^ + sin'^ + —. 



POWER SERIES 



1+1 2+1 3+1 4+1 

I' + l 2* + l"^3'+l 4' + l"' 



1 + 1 2 + 1 3 + 1 ■ 4 + 1 
li + l"^2*+l"^3*+l"^4» + l'' 



2+1 , 8+1 , 4+1 , 5+1 , 
-I'^B'-l"' 






Answert 
ExB. 2, 6, 6, 9, 11, 13, 14, 16, convergent 
Exa. 3, 4, 7, 8, 10, 12, 16, divergent. 
Ezs. S, 12, oBcillating. 

72. Power Serieo. A series of terms containing the positive in- 
tegral powers of a variable x, arranged in ascending order, as 

Oa + Oia + Oijar'+a^H , 

is called a povter series in x. The quantities oq, Ou a„ ••• are 
supposed to be independent of x. 
For example, l + 2x + 3a!' + 43!'H , 

[2+14 [6+ .' 
are power series in x and y respectively. 

73. Convergence of Power Series. A power series is generally 
convergent for certain values of the variable and divergent for 
others. 

If we apply the ratio test, (3), Ait. 71, to the power series 

ao+aiaj + a^+---+(V^+..., . ... (1) 
ve have for the ratio between two tenns 

IJm,„|!^l = Lim,„l2!^ 1= |»|Lim« I -&.). 
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Tbe aeries (1) is convergent or div«rgeDt according aa 
|a!|Lim„i-^|<l, ot |ai[IJm^|-ii!-l>li 

that is, seoording as 

]ir|<Lim« l^^lor |a!| >Lim„|^|. 

The case | ib ] = Liici,.t- ^^ L requires flutter examination. 

For example, consider the series 

l + 2x + Sa^ + 43?+...+rur-' + {n + l)af + —. (2) 

Here 2=^=— ^, Lim„-5- = l. 

o. » + !' "n + 1 

Henoe (2) is convei^ent or divergent, according as 

lx|<l or la!|>l. 

We may say that (2) is conve^ent when — 1 < a; < 1, and the in- 
terval from —1 to •I'l la called the interval of convergence. 

EXAMPLES 

Determine the values of the variable for which the followiiig 
series are convergent : 

1. l + x + x> + a?+:.. 

1-2^2.3^3.4^ 



. .-f.f-^... 



POWER SEBIES 
, 1 a^ . 1.3a»^1.3-6a?_, 






8. ,_^+^_^+.... 
|3+|6 1T + 



Ex8. 1-6, oonvergent when — 1 < x < 1, 
ExB. 6-8, coDvergeat fot all values of tb 



CHAPTER VIII 
EXPA5SI0N OF FITHCTIOirS 

74. When by any process a given function of a variable is 
expressed as a power series in that variable, the function is said to 
be expanded into such series. 

Thus by ordinary division 

-L- = i-x + x?~<>P + (1) 

By the Binomial Theorem 

(a: + a)* = a* + 4 a*x+ 6a*a? + ias^ + af. 

0.-xr' = l + 2x + 37^ + 4a?+..- (2) 

The methods employed in these expansions are applicable only to 
functions of a certain kind. We are now about to consider a more 
general method of expansion, of which the foregoing are only special 
cases. 

It should be noticed that when a function is expanded into a 
power series of an unlimited number of terms, as (1) and (2), the 
expansion is valid only for values of x that make the series con- 
vergent. Por such values, the limit of the sum of the series is the 
given function, to which we can approximate as closely as we please 
by taking a sufBcient number of terms. 

The general method of expansion is known as Taylor's T%eorem 
and as Madaurin's Theorem. 

These two theorems are so connected that either may be r^arded 
as involving the other. We shall first consider Maclaurin's 
Theorem. 
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75. MwlAorin'a Ttworem. This is a theorem by which a funotioo 
of X may be expanded into a power series in x. It may be 
expressed as follows : 

f(p) =/(0) +f (0)?+/' (0)^ +/"(0)g+ .... 

in which /(x) is the given function to be expanded, and f (sc),/" (x), 

/"'{«),-••, its aucceasive derivatives. 
/(0)f/'(0)j/"(0), ■-•) as the notation implies, denote the values of 

f{x),f{x),f'{x\ ..., when a! = 0. 

76- Derivation of Haclaniin's Theorem. If we asawme the 
possibility of the expansion of f(x) into a power series in x, we may 
determine the series in the following manner: 



f{x)=A-\-Bx-frOi? + Dse'-frE3?-\-- 



(1) 



where A, B, C, •■■ are supposed to be constant coefficients. 

Differentiating successively, and using the notation just defined, 
we have 

■ • (2) 



f'(x) = B + 2 0x + 3D^+4E3^+" 
f'(ie) = 2C+2-3iyx + 3-i£!x?— . 
f"'(x) = 2-5V + 2-S-iEx+— . . 
/"(»)=2.3-4i!+— 



(3) 
W 
(6) 



Ifow since equation (1), and consequently (2), (3), •■■ are supposed 
true for all values of x, they will be true when as = 0. Substituting 
zero for x in these equations, wo have 

from (1), fm = A, A=/(0), 

from <2>, f(0)-B, B=/(0), 

from (3), /"(0)-2O, 0=-Cffii, 



90 DIFFERENTIAL CALCULUS 

from(4), /"(0)=2.3A -0=-^^ 

fawn (fi)> /»'(0) = 2.34^, ^™£^ 

Subatituting these values of ^ ^ C, • • • in (1), we have 

/(*)=/(0)+/'(0)5+/'(0)|+/"'(0)|+.... ... (6) 

77. As an example in the application of Maclanrin's Tlieorem, let 
it be required to expand log (1 + a:) into a power series in te. 

/(«)-log(l + i), /(O)- log 1.0. 

/W=i^-(i+»)-, f(.0)=l- 

rW- -(! + «)-'. /"C0) = -1- 

/•"(I) =2(1 +»)--, /"'(0)-2. 

/■(•)- -13(1 + «)-*. /"(0) = -|3. 

/•(.)-|i(l + .)-, /'(0)=1± 



Substituting in (6), Art 76, we have 

jJ Sit" IS*" ll"* 
log(l + .)-0 + l.«-1.2+-g— jj-+-||-— - 

>»ira+-)"-f+f-M-- 

78. If in the application of Maolaurin's Theorem to a given 
fimction, any of the quantities, /(O), /'(0),/"(0), ■-■ are infinite, 
this function does not admit of expansion in the proposed power 
series in x. 

In this case f(x) or some of its derivatives are discontinuous for 
31 = 0, and the conditions for Maclaurin's Theorem are not satisfied 
(see Art. 94). 

The functions log a^ cot a^ aa, illustrate this case. 
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EXAMPLES 

Expand tlie followli^ functions into power series by Maclanrin's 



1. *'=l+*+i'5 + fo + rj + "'- Convei^nt for all values of ic 

I*. l£. I*. 

2. 8in3!=aj — — + r^ — pr + --'. Convergent for all values of Jt 

li l£ 11 

3. oo«!B = l— — + — — — + .•. Convergent for all values of £b. 

12 ti [6 

4. (a + a!)- = «- + tto"-'a; + ^i^^a-V 

+ -^ .^^ ~ ' a'-'af + ■•■. Convergent when \x\ < a 

5. log.(l+«)=log.e^»-|+|-^+-). 

Convergent when |!c|< 1- 
Convergent when |ajl<l. 



7. tan-'fli=a!-^ + |--^+-". Convergent when H < 1 

H«ie /(«) = tan-'fl!, 



f(x)=~2x + i3?-6s<?+- 



2'3 2.4'6"^2.4.6'7 



Convergent when |!ii| < 1 
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Here /(«) = sin"**, 

vl — ar 
Expanding by the Binomial Theorem, 

/' (x) = l + oaf + ba^+ caf+ —, 



1 ft_L:3 _ l-3-6 
2' 2.4' 2-4. 

/"(ir) = 2aa! + 46a!'+6ca!'+.. 



where t- — „, „ ,.— , 

2 2-4' 2-4.6 



9. Bin(i))+a) = eina + x gob a — — sina 



10. \og(l + x+a*)=x + 



Convergent for all values of x 
a? 2a;» , 3t" , a^ 



CoHTergent when | ir [ < 1. 
. Convergent for all values of ir. 



12. e" cos x = l + x — — — — — •". Convergent for all values of x 



, a? , 2a!» , 



Defining the hyperbolic sine, cosine, and tangent (Art. 277), 
sinha; = ^ — , coBhic=— t . C , tanhx ' " 

16. ainhx=x + ^ + ^ + .... 
[3 (6 
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X7. co8ha: = l + | + ^ + .... 

18. taiih«=.a!-|+||^-.... 

19. Show by means of tlie ezpausioDs of Ezs. 1, 2, 3, that 

c* '^ = cos X + V — 1 sin as, 
c~'*'"' = co8a!— V— 1 sin a;. 
These are important relations. 

79. Hujrghens's Approximate Length of a Circular Arc. 

If s denote the length of the arc ACB, a its chord, and b the 
chord o{ half the are, it may be shown that 
a = , approximately. 

Let <ft be the half angle AOC- 
Then « = 2 r</>, and by Ex. 2, p. 91, 

Gombiuing so as to eliminate ^', 

8»-a = 2,(3*-^ + ...)-3.(l-^+...) 

3 V 480 / 

If . is amro of 30% * - i, and the error < jj^j^- 

If » is an are of 60', ^-|_ and the error <g^- 




94 DIFFERENTIAL CALCULUS 

80. Con^Utloii by Series. 

Compute bjr Ex. 1, p. 91, Ve to 6 decimal places. 

Am. 1.64872 
Compute ^to 10 decimal places. Ans. 1.1061709181. 

Compute by Ex. 2, p. 91, sin 1° to 8 decimal places. 
*■ = 3.14159266. Ana. 0.01746241 

Compute to 4 decimal places the cosine of the angle vhose arc in 
equal to the radius. Am. 0.5403. 

81. Calculation of Logarithms. By means of the expansion of 
log (1 + x), Art. 77, the Napierian logarithms of numbers may be 



Let us find the logarithms in the following table. 
log2 =0.6931, 
logs =1.0986, 
log 4 =1.3862, 
log 5 =1.6094, 
log 6 =1.7917, 
1(^7 =1.9469, 
log 8 =2.0793, 
log 9 =2.1972, 
log 10 = 2.3026. 

It is only necessary to calculate directly the logarithms of the prime 
numbers 2, 3, 5, 7, as the others can he expressed in terms of these. 
We have from Art. 77, 

log2-loB(l + l)-l-l + l-l+.... 

This series is convergent, but converges so slowly that 100 t«rmB 
would give only two decimal places correctly. But we may obtain 
a series converging much more rapidly by taking 

logS-logJIl|=log(l + |)-logCl-^. 
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For log 1±| = log (1 + .) - log (1 - «) 

2 3 4 "■' 



2^3 i^ ^234 

«2(!r+ -+%- + — ). Convergent when la![<l. 



Thus log 2 

Foot terms of Uiis series give log 2 = .6931. 
The oomputatioa may be arranged as follows: 
i =.333333 



I -.333333 



1_ 
3»~ 

i_.004116 ^.., 



.012346 



^^=,.000457 
i=:. .000061 



-^ = .000065 
7.3' 

-l- = .000006 

9.3» 

.34657 
2 



■ The numbers in the first column may be obtained by dividint; sno 
cessively by 9. , , 1 
l + a! 2 
Any nomber may be put in the form ^ _ > and log 3 = log 

^-\ 

may be found like log 2. 
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But having log 2, it is easier to compute 

io«i=ioe— I. 
1-1 



Let the student make this eomputation. 
Find logS from log- = log -• 



In a similar way find log 7 from lc^6. 

Having obtained the logaiithms of 2, 3, 5, 7, find the other logi^ 
rithms in the table at the beginning of this article. 

To obtain the common logarithm, that is, logarithm,o, it is only 
necessary to multiply the Napierian logarithm by .4343, the modulus 
of the common system. 

Find thus the common logarithms of the numbers in the foregoing 
tables, — first, of 2, 3, 6, 7, and from these the others. 

82. Computation of n-. From Ex. 7, p. 91, by letting x = l,we have 

|-t.n-.l = l-l + l-l + .., 

a slowly conve^:ing series. 

To obtain a series conv|rging more rapidly, we may use 

tan-'l=tan~»^ + tan-'^, 



from whioh 



» 1 



+1_J_ + J ^+.. 
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By taking 9 terms of the first series and 5 of the second, the 
student will find 

1=0.463647 ... + 0.321761— 
and a-s^S-UlGO.". 

Other forms of tan~' 1 may be used, giving series converging even 
more rapidly, as 

tan-* 1=2 tan-* i + tan-'i . 
3 7 

tan-» 1 = 4 tan-> I - tan-i— - 
6 239 

By these formulfe the computation has been carried to 200 deci- 
mal places. 

83. Taylor's Theorem. This is a theorem for expanding a function 
of the sum of two quantities into a. power series in one of these 
quantities. 

As the Binomial Theorem expands (x + k)' into a power series 
in h, so Taylor's Theorem expands f(x + h) into such a series. It 
may be expressed as follows : . 

-■ ■ "".Jg-r 

84. The proof of Taylor's Theorem depends upon the following 
principle : 

If we differentiate /(ic + A) with respect to x, regarding h con- 
stant, the result is the same as if we differentiate it with respect 
to h, regarding x constant. 

Thutil, £/(. + »)_i /(« + »). 

FoT,M a-i-l-i, (1) 
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tlien l^ (3), Art. 56, 

|/(,+,).|a.)-|/(.)|, 
|/(,+»)_|/«=|/(„|. 

Butfrom(l), ^=1, and ^ = 1; 
^ ' dx dh 

therefore 

85- Derivation of Taylor's Theorem. If we assume the possibility 
of the expansion of f(x +h) into a power series ia h, we may deter- 
mine the series by the aid of the preceding article. Assume 

fix+k)=A+Bh + Ck^ + Dk''+:. . . . .(1) 

where A, B, C, ■■• are supposed to be functions of x but not of k. 
Differentiating (1), first with respect to x, then with respect to A, 

da! dx dx dx dx 



By Art. 84, the first members of these two equations are equal to 
each other, therefore 

^ + ^h + ^h'+..-~B + 2Ch + 3Dh*-i-..-. 
dx dx dx 

Equating the coefficients of like powers of k according to the 
principle of Undetermined Coefficients, we have 



die • jSdl^ 
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The coefficient A may be found from (1) by puttii^ A = 0, as that 
equation is supposed true for all values of A. 



A 


=/(«)■ 




B 


-f=/'w- 


C-- 


Id? A 


= |/"(»)- 


D 


IJTA 


= j|/"W 



Substituting these expressions for A, B, 0, — in (1), we have 
/("^ + »)-/(«)+/'(«)i+/"(«)|'+/"'W|'+-. . . (2) 

86. Maclaurin's Theorem may be obtained from Taylor's Theorem 
by substituting a; = 0. We then have 

/(») _/(0) +/(0) ^■^r^o) jf +/"'(») jf + -. 

This is Maclauria's Theorem expressed in terms of h instead of at, 

87. As an example in the application of Taylor's Theorem, let it 
he required to expand sin (a; + A) into a power series in A. 

/(aj + A) = sin(a; + &)i 
benoo / (x) = sin x, 

/'(x) = cos X, 

/"(»)--.■■.«, 

J^fx) ™ sin X. 



Bnibstitatiiig tliese expressions in (2), Art. 85, ire find 



«n (« + A) « sin « + A COS as — — sin a: — — cos « + — sin « + "s 
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EXAMPLES 
Detire the following expansions by Taylor's Theorem : 



3. (x + hy = a?+7afh+-. 



__^ + _ _ . 
23:^ Sx' 4x* 

6. tan (a!+A)=tana; + Asec*iB + &*see'a!taiia! 
+ — (3 sec* x — 2 Bee*x) + ■■•. 

7. Compute from Ex. 1, cos 62° = 0.4695. 

8. Compute from Ex. 6, tan 44'' = 0.9657, tan 46° = 1.0356. 

As a special case of Ex. 10, derive 

liogtt*_5+_»l+iL+.... 

11. /(2«)-/(.)+«/'(«) + |/"(») + |/"' (.) + .... 
"■ ■'Vl + «J ■"■'' l + i-' W + (i.^,,, |2 

(1+.)' |3 
13. Hy-/(«), sliowtliat 

4s-*i» + *£^ + *!t^' + .... 
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88. In tbe preceding derivations of Taylor's and Maolaurin's 
Ttieorems, the possibility of the expansion in the proposed form has 
been assumed. In the remainder of this chapter we shall show how 
Taylor's Theorem may be derived without such assumption. 

89. Rollers Theotran. If a given function ij>(x) is zero when 
x = a and when x = b, and is continuous between those values, as 
well as its derivative ^'(it); then 

^'(x) must be zero for some value 
of X between a and b. 

Let the function be represented 
by the curve y = ^(a!). Let 
OA = a, OB = b. Then accord- 
ing to the hypothesis, y = when 
x^a, and when x = b. 

Since the curve is continuous 
between A and B, there must be 

some point P between them, where the tangent is parallel to OX, 
and consequently "^'(a) = 0. 



90. 



Meui Value Theorem. Iif(x) is continuous from xs=a to 
b, there must be some value Xiot x, between a and b, for which 



/w-rw _ 



=/(«.)• 



This may be stated geometrically 
thus: 

The difference of the ordinates of 
two points of a continuous curve, 
divided by the corresponding differ- 
ence of abscissas of these points, equals 
the slope of the curve at some inter- 
mediate point. 

In the figure let the curve PSQ 
represent y=f(x). 



F 


^ 


R 



















El i 
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Let OA = a, OB = b. Then 

/(ft)-/W = M^tanQfJlf. 

At some point of the eurye, aa R, between Pand Q, a tai^ent can 
be diATQ parallel to PQ. Gall 0K= a^. Then the slope of the 
tangent at R iBf'(xi), which equals tan QPM. 

Henoe • ^^^)~/^°^ =/'(3^, where a<», <&. . (1) 

If welet ^B=fc — o = A, 6— « + A, (1) may be written 

/(o + ft)=/(a) + A/(a + *A), where 0<^<1. . (2) 

91. Another Proof. The following method of deriving (2), Art. 90, 
is important, in that it may be extended to higher derivatives of 
f(x), as appears in Arts. 92, 93. 

Let R be defined by 

/(a + A)-/(a)-Afl = 0. . . , , (1) 

That U, let R denote /(q + A)-/(a) . 

Consider a function of x whose expression is the same as (1) with 
X substituted for h. Call this function tf>(x). 

That is, 4>(x)=f(a + x)-f{a)-xR. .... (2) 

Differentiating, ^'(a;) =/(« + x}-R (3) 

It is evident from (2) that ^(iv) = 0, when x = A, by (1) ; 

also 0(x) =B 0, when x = 0. 

Henoe by BoUe's Theorem, Art. 89, ^'(a;) = 0, for some v&loe of x 
between and h. 
Calling this value of x, $h, we have from (3) 

f'(a+$h)~R = 0. 
Substituting this value of if in (1), 

/(o + A)=/(o) + A/'(a + fi&). 
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93. Eztenritto of Hean Talae Theonm. We may tetend the method 
of the preceding article so as to include the second derivative, and 
obtain /(a + A) -/(o) + J^(a)+^/"(a + «). 

... a) 

Let 4^x)=f{a + ji)~f(a)-xr(d)-tlt. (2) 

Hence 4,'(x)=.f(a + a,)-f'(a)-xS, 

^"{x)=r(a + x)-R. (3) 

Prom (2) it is evident that ^ (x) = 0, when a; = ft, by (1) ; 

also ^(x)z=0, whenx = 0.' 

Hence by Rolle's Theorem, Art. 89, ^'(^) = ^> ^'^'^ some value, x^ 
of X, between and A. 

Also ^' (x) = 0, when at = 0. 

Hence ^"(z) = 0, for some value, x^ between and Xj, that is, be 
tween and A. Writing x, = 6k, we have from (3), 

f'(a-i-$h)-B = 0. 

Substituting this value of B in (1), we have 

/(a + A)=/(a)+V'(o) + f /'(« + «»)- 

It is to be noticed that it is assumed that/(a!), /'(a:), and /*'(a!)are 
continuous from a; = atox = a + ft. 

93. Taylor's Theorem. This may now be derived by extending the 
preceding method so as to include the nth derivative. 

It is assumed that f(x) and its first n derivatives are continuous 
from x=a to xssa + h. 

Define B by 
na + h)-/(a)~kf(a) -^/"(a) ^f-\a)-^B~0. (I) 
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Let 

i>(x)=f(a+x)-/ia)-xfid)-gf"(a) ^P'^(a)-fR, 

*'(«) =/' (a + *) -/' («) - =tf" (a) rf^f-' («) - ,-~t ■*' 



^"{x)=f'{a + x)-f"(a)- 



*■(«)=/- (a + as) -ii (2) 

As in the preceding articles, it is evident that 

il>(x) = 0, when x = k, and also when x =0. 
Hence •ft'(x) = 0, when a; = 3^, where 0< a;i < A. 
But <^'{3!) = 0, when3;=0 ; hence 

ii>"(x) = 0, when « = a^ where < iCi < a^. 

Continuing this reasoning, we find 

<^"(a:) = 0, when x = x„ where < a!, < «,_], 
that is, where aj„ is between and A. 
Hence from (2) ^'■(flA)=/"(a + tfA)-5 = 0. 

Substituting this value of B in (1), we have 

/(a + A)=/(a)+A/'(a)+|/"(a) + - + ^-^/-'(«)+^^(« + g*)- 

Since a is any quantity, we may write x in place of a, giving 



+g/-C«+»») (3) 
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* 94. Remainder. The last term of this equation 

is called the remainder after n terms in Taylor's Tlieorem. When the 
limit of this remainder is zero, as n is indefinitely increased, Taylor's 
Theorem gives a convergent series. 

We have already seen (Art. 86) that Maelaurin's Theorem is a 
special case of Taylor's Theorem, so that corresponding to (3) of the 
piecedii^ article, we may write Maelanrin'a Theorem 

fix) = f(0)+xf((f) +,y/"(0) + - + -^/-'(O) + ^/-(te), 

f{x) and its first n derivatives being assumed continuous for values 
from to X. 

Thus the remainder after n terms in Maelaurin's Theormn is 

.[| /■(*»)]= 0, (1) 

Maelaurin's Theorem gives a convei^ent series. 
Applying (1) to f(x) = e', we have 

Lim.«rpe»'1=.0, 

which is evidently satisfied for all values of x. 
The same is true for /(iB) = sina!, and /(a!)!=C08ft 
If/(a!) = log(l+a:), (1) becomes 

t:- r^f-iv-i»-i-| 

Ll2 (1 + to)- J 

—[^(ifs)-]-'^ 

This is satisfied when |a;| < 1. 

It is to be noticed that the preceding test for convei^ence is of no 
practical use, unless the nth derivative of f(x) can be expressed. 



Yfheai Lim„ 



CHAPTER IX 
INDBTERMinATB FORMS 

95. Tolue of Fraction OS Ujnit. The value of the fraction -^^ for 

- :. , * ■ <t>(a) V-W 

any assigned value of x,aAx=a, la ^^ ' ' ■ • 

This is a definite quantity, unless 0(a) or ^a) is zero or infinil^. 
When this is the ease, we may, by regarding the fraction as a 
continuous variable, define its value when x equais a, as its limit 
when X approaches a. 

That is, the value of ^^, when x = a,i& defined to be 

Lim_, -^^, or what is the same thine, 

^(iT) 

There is no dif&culty in determining this limit immediately, when 
the numerator only, or the denominator only, is zero or infinity ; or 
when one is zero and the other infinity. 

We will now consider the cases where, for some assigned value of 
X, the numerator and denominator are both zero or both infinity. 
The fraction is then said to be indeterminate. 

96. Evaluation of the Indeterminate Form - ■ Frequently a trans- 
formation of the given fraction will determine its valne. 

Thus, ^J£r^ = l> "^^"^ =" = 1- 

But Lf we reduce the fraction to its lowest terms, we have 
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A{!<ui>» ■- - ^ ' ~ = -I when a> h 2. 

By raMonalizii^ the denominator, 

= Lim^V*^ + 1)-2. 

As another iUnstratirai, 

co82g _0 



cos 2$ J- Qoa^B- 



But Lim».3. "^ ". ^ = Liro, 



'« cos fl — sin tf » cos — sin 9 

=" Lim#_! (cos (9 + sin ff) = coe^ + sin j =: -y/2. 

The Differential Calculus furnishes the following general method: 

97. I\}rm a new Jr(Ktioji,ta}cijig the derivative of the given numerator 
for a new numerator, and of the given denominxUor for a new denomir 
nator. The vaiue of this new fraction, for the aaaigned vaiue of the 
variable, is the limiting value of the given fraction. 

We will now show how this rule is derived. 

Suppose the fraction ^i^ = -, when x = a\ that is, ^(a)=0, and 

By Art 95 the required value of the fraotion is the limit of 

T\'^'^ — I, as A approaches zero. 

^(a + A)' ^^ 

By the Mean Value Theorem, (2), Art. 90 

^ (a + A) = ^ (a) + A0'(o + fi&), 
^o 4- A) = ^(a) + A(^Co + fliA), 
where 6 and $\ ore proper fractions. 
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But since ^a) = and ^(a) = 0, we have 

<t>(a + A) ^ h4'(a + 0h) ^ ^'(a + Bh) 
^a + A) A^'(a + S,A) f'(a + eih)' 

Hence Um^i^±^ = ^, 

which is the theorem esptessed by the rule. 

If ,j>'(a) = and V' (o) = 0, it follows likewise that 

Lim »'(" + A) ^ '»"('«) . 

that is, the process expressed by the rule must be repeated, and as 
often as may be necessary to obtain a result which is not indeter- 
minate. 

For example, let us find the limiting value of the fraction in 
Art. 96. 

i^ = ^±£r^ = when=r = l. 

<l>{x) a!»-l 

i;^ = 2^=3,when^=l. 

Thus the required limiting value is -• 

For another example, let us find the limiting value, when x = 0. 



♦ («) 1-cm;. 0' 

^'(x) sin 31 
*!^-^±£; = 2, whoa.-ft 
Thus the required limiting value is 2 
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EXAMPLES 
rind the limiting values of the following fractions for the assi^ed 
values of the variable. 



1 '('-ir- 

J Ioi!(3a!' + i 



■ 


v-r 




Bj-tan-^a! 




n-sur'x' 


5. 


loBfa^-las + S) 


I„gco,(«-2) ' 


e. 





sin (m — n){t 

9. «"(»+;) -1 

log sin 2 6 ' 



l<^o-log,6 
a-b ' 



when a: = 2. An». " + s ' 

when x=\. Ana. 7. 

when X = 0. Ant. log, a. 

when a; = 0. Ana. — 2. 

when 3! = 2. ^n«, — 2, 

when !C = 0. ^jw. - • 

when tf = 0. j4n«. 0. 

when m = n. Ana. cos tuc 



when = j- Ant. 
when a = 6. Ant. 
when a = &. ^ns. 



1 



l-log& 

2 

6 log ft' 



^-2a^-4^ + 9»-4 hep^^l. ^0* 4 
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tan*w — wtapiE 
nainx — sin nx ' 



taoniB- 



m am a: — am mx 
(x-l)e-+(x + l)g~'' 



e^ + (r--ia?-2 



Then a; = 0. 


Atia. 


2. 


when n=l. 


Ana. 


iBBeo'u!— tanaj 


iinx — xcQax 


whenx = 0. 


Ans. 


4 


when a; = 0. 


Ans. 


8. 



96. Bvaliutlon of tlie Indeterminate Fonn ^. The method is tha 
same as that given in Art. 97 for the form - . 
It has been ahown in that article that 



Lim*-,*<^±^=*^, 



if ^(a)-0, and ^a) = 0. 

It may be shown that (1) is true also, if 0(a) =ao and ^(a) = ao. 
?or the proof of this the student is referred to more extensive 
treatises on the Differential Calculus. 

For raaaple, find the limiting value of -2££ when x= 0. 

cot at 

^JB) total w 
1 

ip'ix) — cosetrx x 

ffi=-^«iM^2ii? = 0, whenx = 0. . 

l^na the required limiting value ia 0. 

NoTi. — The form — can in most casea be avoided b; tnuufonnaUon Into ^ 
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99. Sraliutlon at tb» Indetermliute Fonns • co , co — co . 
Transform the ezpresBion into a fr&otion, which will usnme either 

liheform-or— ■ 
CO 

For example, find the raJue of 

(ir — 2 a;) tan X, whenaiB^. 
This takes the form ■ oo . 
Bttt (,_2a:)tai»a! = ^^^^^=S, whena!-^. 



if '(as) — cosec*a! ' 
Thus the required limiting value is 2. 

For another example, find the limitiug value of 
1 

logiB 

Thia takes the form ea — <x>. 



But ,-i i- = '-l-'°e'' = ° ,he.»-l. 

loga a— 1 (a! — 1) logic 

1-3 



Tlma tlie required limiting value isg* 
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100. BTftlnKtlon of the Xstponentixl Indetenniiute Forma, 0", 1", co **. 
Take the logarithm of the given expi-ession, whioh will have the 

form - or — ■ The limiting value of this It^atithm will det«nniiLe 
that of the given function. 

For example, find the limiting value of x*, when x^O. 
This takes the form 0°. 

Let $ = ^> 

thMi logy = a!loga! = -5£f = ^, whena = 0. 



1 






- = — x = 0, when as = 0. 



Thus the limiting' value of log y is 0. 
Hence the limiting value of jr is e° = 1. 

For another example find the limiting value of 

(1 + ax)i, when x = Q. 
This takes the form of 1~. 

Let j = (l + aa:)i, 



^ = l±i^=a, whena. = 0. 
The limiting value of log y being a, the limiting value of y is A 
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EXAMPLES 



Find the limiting values of the following ezpieasions for the 
assigned values of the variable. 



1. l-ilog(l+i,, 


irhmx = 0. 


1 2-ta.|, 


Tben X = 00 


3. ajtana; — ^BeciB, 


when« = |. 


^ loRtanoiB 
log tan bx' 


when iT => 0. 


5 * ^ 


h 


*• Z*- artana,' 




. secSx 


whenx = |. 


, (^,)A, 


when x = l. 


8. (coseoS)'"'' 


whe„«-|. 


9. (tan))™' 


whe„,= |. 


10. (-^)"- 


when« = |. 


u. (£±f±-')S 


when a; =0. 


IJ. 0»B«)". 


whena!=e. 


13. (o-+«)i. 


when a: = 0. 


«• (521iH±iHi^)'' 


when!C=0. 



Jtne. 


2- 


Awi. 


3. 


Jm. 


-1. 


Am. 


1. 


Am. 


1 
6 


Am. 


S 
~5 


Am. 


J. 


Ana. 


v;. 


An. 


1. 


Art,. 


e"* 



Ana. 
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HAZIHA AND HUnHA OF FmrcnONS OF OlfB 
IimEPEHDKNT VARIABLE 

ICKL Definition. A maximum value of a function ib a, value greater 
ttian those immediatelj preceding or immediately following. 

A minimum value of a function is a value leas than those immedi- 
ately preceding or immediately following. 

If the function is represented by the curve y=f(x), then PM 
represents a maximum value of y or of f(ps), and Qlf represents a 
minimum value. 

]02. ConditlonB for a Wwiftn im or a Mintmnm 
It ia evident that at both P aad Q the tangent is parallel to OX, 
and therefore we have for both maxima and minima, 

dx 
Moreover, as we move along 
the curve from Jeft to right, 
at P the slope changes from 
positive to negative ; but at Q, 
from negative to positive. 

In other words, 

At P the slope deereaaea as 
ED increases (a) 

At Q the slope inareaaea as 
a> increases (b) 

By Art 21 we have the case (a), 

when ^(slope) < 0. 
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And (1) becomM ^ '^ ''' 

Hence vbeD ^=0, and ^ < Ol ^ 

ax tbr 

there ia a maximum valoe of y. 

By simuar reaBoning ire have the case (ft)^ 
when ^ > *•• 

Hence when £ = ''' ""* S > **» (^ 

there is a minintum value of y. 

For example, let ns find the maximum and mlnimnm values of 
the function ^ 

Pot y = ^_2ie' + 3a: + l. 

Then ^ = a»_4K + 3, (4) 

S=2.-4. (C) 

Patting (4) =bO, x'-4a; + 3=>0, 

whence . a; = 1 or 3. 

Substituting those values of x in (5), we find 
whena = l. g=_2<0i 

when» = 3, S = 2>0. 
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Hence by (2) and (3), 
when x = l, y has a maximum value; 

when at =3, y has a. minimum ralofl. 

From the given function -we find 

that the maximum value of y is y = 2^, 

and the minimum value of y,' y = l. 



103, In exceptional cases it may happen that a valne of z given l^ 
0, makes ^ = 0, so that neither (2) nor (3), Art. 102, is satisfied 



dx 

This would be the caee for a 

point of inSection R (see Art. 

158) whose tangent is parallel 

to OX. Here the ordinate BL 

is neither a maximum nor a 

minimum. 

Bat there may be a maximum 
or minimam value of y, even 
vhen ;^=0. This is more fully 

considered in Art. 106. The 
following article is also appli- 
cable to such cases. 




104. Second Method of detennlnlns M|»T4iim and ""nim^ Maxima 

and minima may be determined from the first derivative ~ alon^ 

tP«' ^ 

without using —^. 

We have seen in Art. 102 that when y is a maximum, as at 

P. the slope, that is, -2 , changes from + to — : and when y is a mini- 
ax 

mum, as at Q, -^ changes from — to -I- ■ (It is understood that we 

paas along the curve from left to right.) 
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By examining the form of -2, wMch should be expressed in factor 
form, we may determine whether it changes from + to — , or from 
— to + , for any assigned value of x. 

Let UB apply this method to the example in Art. 102, 

^ = a^ - 4a) + 3 = (at - !)(« - 3). 

Here -^ can change sign only when ic = 1 or ic = 3. 

By supposing x to change from a value slightly less, to one slightly 
greater than 1, we find that (at — 1) changes from — to + ; but since 
the factor {x — 3) is then negative, it follows that -^ changes from 
-{- to — , when a; = 1, and denotes a maximum. In the same way, we 
find that -^ chaises from — to +] when a; = 3, and denotes a mini- 

Again, consider the function y = (a! — 4)'(a! + 2)*. 
Differentiating and writing the result in factor form, 

^ = 3 (3 a! - 2)(x - 4)'(» + 2)'. 

When 3! = -, -^ changes from — to +. 

When X = —2, -2 changes from + to — • 
ax 

When x = i, -^ does not change sign, 
das 

since (ai — 4)* cannot be negative. 

Hence we conclude that y is a minimum when x = -; a maximum 
when x = — 2; but neither a maximum nor minimum when a; b 4. 

As thia method does not require -^, it is preferable to that 
of Art. 102, when the second differentiation of y involves much work. 
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EXAMPLES 

1. Find the maximum yalue of 32ai — a*. Ana. 48. 

Find the maximum and minimum values of the following fuuctions. 

2. 2a? — 3x*— 123; + 12. Ana. x = —l, gives a maximum 19. 

x=2, gives a minimum 

3. 2 a^ — 11 fi^ + 12 a; + 10. Ana. x = - , gives a maximum 13ff . 

x = 3, gives a minimum 1, 

4. a^ + 9 (a — »)*■ .4ns. a; = -—, gives a maximum 

Sa ■ 9a» 

x= —, gives a minimum 

5. (x~l)(p-2)(x-3). 



6. 2(3x + 2y — 3a^. Ans. a; = 2, gives a maximum 8 



8 no maximum nor mmimum. 



I , where a, b, c, are positive. 



-, gives a minimum ^ 
-, gives a maximum ^ 



9. Show that the gieateet value of i^^ is — . 

or m 

10. Show that the greatest value of cos2 + Bin0 is ^' 



MAXIMA AND MINIMA OF FUNCTIONS 
11. Show that the maximum and minimum values of 



-ii-^) 



2 2' 

18. Find the maximum value of aamx + baoax. An». ^/a*+V. 

13. Find the maximum value of tan-'iu — tan"' ^, the angles being 
taken in the fii3t quadrant. . tan"!? 

14. Showthattheleast value of a* tan' d + &* oot' tf is the same as 
that of o'e" + 6*6"", and equal to 2a6. 



15. !, = i2^. 



16. y=(x~iy(_x + 2)>. 

Ana. A maximum when « = — : a minimum when a; = l; 
7 
neither when x = — 2, 

17. y=(a.-2)»(2is + l)*. 

Ana. A maximum when x = — -; a minimum when «=t^, 
neither when xs=2. 

106. Coae where -^ = co . It is to be noticed that -^ mav change 
dx dx '' ° 

sign hj passing through infinity instead of zero. 



for a finite value of x, this value should be examined, as well aa 
those given \^ 
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Fot example, suppose 

Th» ^ ?^i 

henoe we have 

S=ta, whenaj^c. 

It is evident that wlien x = c, -^ 
changes fiom + to — , indicating a 
maximuni value of y, which is a. 

The figure shows the maximum (T 
(ffdinate FM, corresponding to a "^ 

cusp at P. 

On the other hand, suppose y = a — b(x — c)'. 

= 00 when at = e. 



^' 



But as -Jf doM not change sign when x = c, there is no maxi- 
mum nor minimum. The corresponding curve is shown in the figure. 



M ^"S— T 
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EXAMPLES 

Find the mazimum and minimum valnea of tiie two following 
functions: 

.Ana. A minimum when x = B; a maximum when x = -; 
a when x= — l. 



8. y»(2«-a)*(a:-a)^ 

Ana. A maximiun when x = —-;& minimum when x = a. 



10& Conditions for Haxima and Hlnlma by Taylor*! Tbeorem. 

Suppose the function /(x) to be a maximum when x = a. Then, by 
the definition in Art. 101, 

/(a)>/(a + ft). 

and also /(«)>/(« -*), 

where h is any small hut finite quantity. Kow, by the substitution 
of a for x in Taylor's Theorem, we have 

f(a + k)~fia)~ Ar(a)+|r'(a)+|/"'(«) + -- • (1)* 

/(a-A)-/(«) — V(«)+|V'(a)-|/"'(a)+-. . (2) 

Bj the hypothewB f(a + A) —f(a) < 0, 

and also /(o-A)-/(a)<0. 

Hence the second members of both (1) and (2) must be nega^tire. 
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B; taking k sufBciently small, the first term can be made nnmeii- 
cally greater than the sum of all the others, involving A*, A*, etc. 
Thus the sign of the entire second member will be that of the first 
term. As these have different signs in (1) and (2), the second inem- 
bers cannot both be negative unless 

/(a)=0. 

Equations (1) and (2) then become 

/(« -»)-/(«)- 1/"(«) - |/"W+ ■••• 

The term containing h* now determines the s^ of the Bec<md 
members. That these may be negative, we must have 
/"(a)<0. 
If then f(a)=0 and /"(o)<0, 

/(a) is a maximum. 
Similarly, it may be shown that if 

f(a)=0 and ria)>0, 
f{a) will be a minimum. 

If /(a) = and /"{a) = 0, 

similar reasoning will show that for a maximum we must also have 

/"(a)=0 and f{a)<(i; 
and for a minimum 

/"'(a)=0 and /"(o)>0. 

The conditions may be generalized as follows : 
Suppose that 

/Ca)=0, r\a) = % r"(a) = 0, ... f*ia) = <i, 
and that/^^a) is not zero. 

Then if n is even, f(d) is neither a maximum nor a minimum. 

If n is odd, /(a) will be a maximum or a minimum, according as 

/^\a)<0 or >0. 
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PROBLEMS IN MAXIMA AND MINIMA 
1. Divide 10 into two such parts that the product of the squam 

of ona and the cabe of the other ntaj be the greatest possible. 

Let X and 10 — s be the parts. Then :^ (10 — x)* la to be a maxi- 
mom. Letting ussj? (10 — xf, we find 



du_ 



5i(4-ar){10-!e)*=0, 



from which we find that u is a mazimnm when km 4. Henoa the 
required parts are 4 and 6. 

2. A square piece of pasteboard whose side is a has a small 
square cat out at each comer. Find the side of this square that the 
remainder may form a box of maximum contents. 

Let X = the side of the small square. Then the contents of the 
box will be (a — 2 a;)'z. Representing this by w, we find that u is a 
maximum when z = -, which is the required answer. 

3. Find the greatest right cylinder that can be inscribed in a 
given right cone. 

Ijat AD = a, DC =:b. 

Let X = DQ, the radius of the base of the cylinder, and y = PQ, 
its altitude. 

Prom the similar triangles ADC, PQO, 
we find 

The volume of the cylinder is 
jrn^ = Tr-3? (b — x). 

This will be a maximum when u=&9^— a^ 
is a maximum. 

This is found to be when a; = | 6, the radius of the base of the 
required cylinder. 

From this, s = ^, the altitude of the cylinder. 
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4. Determine the right cyliader of the greatest convex surface 
that can be inscribed in a given sphere. 

Let r= OP, the radius of the sphere; x= OR, the radius of base 
of cylinder ; and y = PR, one half its altitude. 

From the right triangle OPB we have 

The oonvez surface of the cylinder is 

2 »« . 2 y = 4 irt! Vr* — it". 

We may pat u equal to this expression, 
and determine the value of x that gives & 
maximum value of u. But the work may 
be shortened by the following considerations : 




when 

and 

when its square 



wa: Vr* — x* is a maximum, 
asV)^ — JB* isamaximumj 
x^i' — a? is a maximum, 
rV — le* is a maximum.* 



Hence we may put u = r*a? — a;*, from whioh we find u is a 
maximum, when x s= -^ • 

From this ^mi-^, giving for the altitude of the cylinder, 

V2 

Anoiher M^hod. The equations 

The convex surface = 4 vxy, v.™xy, (1) 

a^ + ff' = t*, (2) 

may be used without substituting in (1) the value of y from (2). 
• Since we ua only cono«nied with QiapotiUet root o£ Vt' — a?. 
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(3) 



aod differentiatrng (2), « + y^ = 0, ^=—2. 
dsB dx y 

Substituting in (3), *f = j, _ ^ = t^jf. 

dx y y 

Since x and y Eire pOBitive quantitieB, it is evident that when 
ir=y, — changes from + to — , giving a maximum value of w. 

Combining ^^y, with (2), we have 

xmi-X- « = _!! aa before. 

V2 V5 

In some problems this method has some advantages over the first. 

5. Divide 48 into two parts, such that the sum of the square of 
one and the cube of the other may be a minimum. Ang. 42}, 5^. 

6. Divide 20 into two parts, such that the sum of tour times the 
reciprocal of one and nine times the reciprocal of the other maj be 
a minimum. Ana. 8, 12. 

7. A rectangular sheet of tin 15 inches long and 8 inches wide 
has a square cut out at each comer. Find the side of this square 
BO that the remainder may form a box of maximum contents. 

Ana. 1} in. 

8. How faj from the wall of a house must a man, whose eye is 
5 feet from the ground, stand, so that a window 5 feet high, whoBe 
sill is 9 feet from the ground, may subtend the greatest angle ? 

Ant. 6 ft. 

9. A wall 27 feet high is 8 feet from the side of a house. What 
is the length of the shortest ladder from the ground over the wall 
to the house? Ana. 13Vl3=46.87 ft. 
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10. A person being in a boat S miles from the nearest point of the 
beacb, wishes to reach in the shortest time a place 5 miles from that 
point along the shore ; supposing he can run 6 miles an hour, but 
row only at the rate of 4 miles an hour, required the place he must 
land. Ana. 929.1 yards from the place to be reached. 

11. Find the maximum rectangle that can be inscribed in an 
ellipse whose semiaxes are a and b. 

Ana. The sides are aV2 and 6V5; the area, 2a&, 

12. A rectangular box, open at the top, with a square base, is to 
be constructed to contain 500 cubic inches. What must be its 
dimensions to require the least material ? 

Ans. Altitude, 5 in ; side of base, 10 in. 

13. A cylindrical tin tomato can is to be made which shall have 
a given capacity. Find what should be the ratio of the height to 
the diameter of the base that the smallest amount of tin shall be 
required. Ana. Height = diameter. 

14. What are the most economical proportions for an open cylin- 
drical water tank, if the cost of the sides per square foot is two 
thirds the cost of the bottom per square foot ? 

Ana. Height = I diameter. 

15. (a) Find the altitude of the rectangle of greatest area that 
can be inscribed in a circle whose radius is r. 

Ana. r-\/2 ; a square. 

(b) Find the altitude of the right cylinder of greatest volume that 
can be inscribed in a sphere whose radius is r. Ana. — -• 

vs 

16. (a) Find the altitude of the isosceles triangle of greatest area 
inscribed in a circle of radius r. 

(b) Find the altitude of the right cone of greatest volume inscribed 
in a sphere of radius r. Ans -^ ■ 
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17. (a) Find the altitude of the iiiosoeles triangle of least area 
GtrcumBcribed about a circle of radius r. 

Ana. 3r; equilateral triangle. 

(6) Find the altitude of the right cone of least volume circum- 

Bcribed about a sphere of radius r. Ana. 4r. 

18. A right cone of maximum volume is inscribed in a given right 
uone, the vertex of oue being at the center of the base of the other. 
Show that the altitude of the inscribed cone is one third the altitude 
of the other, 

19. Find the point of the line, 23! + y = 16, such that the sum 
of the squares of its distances from (4, 6) and (6, — 3) maj be a 
minimum. Ana. (7, 2). 

20. Find the perpendicular distance from the origin to the line 

-+^ = 1, by finding the minimum distance. Ana. ,_ .. 

a b '' ° Va' + ft* 

31. A vessel is sailing due north 10 miles per hour. Another 
vessel 190 miles north of the first is sailing 15 miles per hour on a 
course East 30° South. When will they be nearest together, and 
what is their least distance apart ? 

Ana. In7hrs. Distance ISVSTs 113.26 mi. 

32. A vessel is anchored 3 miles off the shore. Opposite a point 
3 miles farther along the shore, another vessel is anchored 9 miles 
from the shore. A boat from the first vessel is to land a passenger 
on the shore and theu proceed to the other vessel. What is the 
shortest course of the boat ? Aiis. 13 mi. 

33. The velocity of waves of length \ in deep water is propor- 
tional to \/- + -, where a is a certain linear magnitude. Show that 
the velocity is a minimum when A=sa. 

24. Assuming that the current in a voltaic cell is 0= =, E 

r-f It 
being the electromotive force, r the internal, and B the external, 
resistance; and that the power given out is P=RC; show that P 
is a maximmn when Rsar. 
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25. Ftc3i a ^ven circular sheet of metal, to cut out a sector, so 
that the remainder may form a conical vessel of maximum capacity. 

Ans. Angle of sector = M _ "v 6 V , ^ gga 41^ 

26. Find the height of a light on a wall so as best to illuminate 
a, point on the floor a feet from the wall; assuming that the illumi- 
nation IB inversely as the square of the distance from the light, and 
directly as the sine of the inclination of the rays to the floor. 



27. At what point on the line joining the centres of two spheres 
must a light be placed, to illuminate the largest amount of spherical 
surface? 

Aaa. The centres being A, B; the radii, a, b; and Pthe required 
point; JI^:Fff=a'':l/'. 

28. (a) The strength of a rectangular beam varies as the breadth 
and the square of the depth. Pind the dimensions of the strongest 
beam that can be cut from a cylindrical log whose diameter is 2 a. 

Am. Breadth = -^- Depth = 2 a./?. 

(P) The stiffness of a rectangular beam varies as the breadth and 
the cube of the depth. Find the dimensions of the stiffest beam 
that can be cut from the log. Ana. Breadth = a. Depth = aVS. 

39. The work of propelling a steamer through the water varies 
as the cube of her speed. Find the most economical speed against 
a current running 4 miles per hour. Ans. 6 mi. per hr. 

30. The cost of fuel consumed in propelling a steamer through 
the water varies as the cube of her speed, and Ib $26 per hour when 
the speed is 10 miles per hour. The other expenses are 5100 per 
hour. Find the most economical speed. 

Ana. -v^2000 = 12. 6 mL per hr. 

31. A weight of 1000 lbs. hanging 2 feet from one end of a lever 
is to be raised by an upward force at the other end. Supposing the 
lever to weigh 10 lbs, per foot, find its length that the force may be 
a minimnm. Am. 20 fb 
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32. (a) The lower comer of a leaf, whose width is a, is folded 
over 30 as just to reach the inner edge of the page. Find the width 
of the part; folded over, when the length of the crease is a mininmm. 

Ant. I a. 

(b) In the preceding example, find when the area of the triangle 

folded ovei is a minimum. Ans. When the width folded is {a. 

33. A steel girder 25 feet long is moved on rollers along a pas- 
sageway 12.8 feet wide, and into a corridor at right angles to the 
passageway. Neglecting the horizontal width of the girder, how 
wide must the corridor be, in order that the girder may go around 
the comer ? Ana. 5.4 ft. 

34. Find the altitude of the least isosceles triangle that can be 
circumscribed about an ellipse whose semiaxes are a and b, the base 
of the triangle being parallel to the major axis. Ans. 3 b. 

35. A tangent is drawn to the ellipse whose semiaxes are a and 
6, such that the part intercepted by the axes is a minimum. Show 
that its length is a + 6. 



CHAPTER XI 



PARTIAL DIFFSK£iniATI(m 



X07. Functions of Two or More Independent Variables. In the pre- 

cediDg chapters differentiation has been applied only to functions of 
one independent variable. We shall now consider functions of more 
than one variable. 
Let u=^f{x,y) 

be a function of the two independent variables x and y. 

Since x and y are independent of each other, we may suppose x to 
vary while y remains constant, or y to vary while x remains con- 
stant; or we may suppose x and y to vary simultaneously. We 
must distinguish between the changes in u resulting from these dif- 
ferent suppositions. 

Let 4,M denote the increment in « resulting from a change in x 
only, and A^w the increment in w from a change in y only. 

Let Au, called the total 
increment of u, be the in- , N r~' 

orement when x and y both ° . 



Suppose u the area of a 
rectangle whose sides are x 
and y. 

Then n = xy. 

If X changes from OA to 
OA', while y remains con- 
stant, u is increased by the i 



Ay 


A," 
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OS 




A,» 

Ax 















jctangle AM. 
: area AM. 
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If y changes from OB to OB', while x lemiuns constant, u is 
inoreased by the rectangle BN. 

That is, \u = area BK. 

If X and y both change together, we hare for the total increment 
of «, Au = area AM+ area SN+ area M^. 

X08- Partial DUterentUtlon. This supposes only one of the inde- 
pendent variables to vary at the same time, so that the diSerentiitr 
tioa is performed by the same rules that have been applied to 
functions of a single variable. 

If we differentiate u = f(x, y), supposing x to vary, y remaining 
constant, we obtain — - 

If we difFerentiate, supposii^ y to vary, x remaining constant, we 



The derivatives, — , — , thus derived, are called parttof t^mtMi- 
dx dy 

tivea, and a special notation. 

For example, if u = 3? + 2a^ — ^, 

— BtSaf + ixy, the a^derirative of u, 

T-=2a?— 3y*, the y-derivative of u. 
dy 

In general, whatever the number of independent variables, the 
partial derivatives are obtained by supposing only one to vary at a 
time. 

EXAMPLES 

Derive by partial differentiation the following results: 

1. « = -a-, '? + »r^-»- 

SB + y Sx Ay 



'^ 
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Sx dy 



= 2 + 1 + 5, 
2 a J 



•s+4;+4:-«- 



c + e* 



y^+'z 



3? . fla 






(»' + y + »^4 


w 


W UJ (»"+y'+2')' 


11. J=log,rt + log.!i, 




.lo8.^+jlogj,| = 0. 


12. «=e-smy + e»ema!, 







= log (tan x + t&ay + taxiz), 



da dy as 
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109. Oeometrical niuBtrttioa of Pu-tiAl DeriTatlrw. hetx=f(x,y) 

be the equation of the surface 
APCH. 

The ordinate P2f ia thua 
given for every point JT in the 
plane XY. 

Let APB and CPD be sec- 
tions of the surface by planes 
through P, parallel to XZ and 
TZ, respectively. 

If X and y both vary, P 
moves to some other position 
on the surface. 

If X varies, y remaining con- 
Btantj P moves on the curve of intersection APB. 

Hence — ia the slope of the curve APB at P. 
dx 

If s varies, x remaining constant, P moves on the curve CPD, 



h 


t\ 


c 


[/' 


/' 


'M 


y 





no. Equation of Tangent Plane. Angles vith CoQrdinate Planes. 
In the figure of the preceding article, let P be the point («', y', a") ; 
PT, the tangent to APB in the plane APNM; and PT, the tangent 
to CPD in the plane CPNL. 

It is evident from the preceding article that the equations of PT 



!(«-«'), y=y', 



■ • (1)' 



.-,'=--(y_y), .„«-. 






,tw as. denote the valnea ol ^, ^, reopectivelv, lor (x', v*, a*). 
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The plane tangent to the surface at P contains tbe tangent lines 
FT and PT. Ita equation is 



For (3) is of the first degree with respect to the current variables 
X, y, z, and is satisfied 1^ (1), and also by (2). 

T%e equations of the normal through P are those of a line throagb 
Qe', y', x') perpendicular to (3). Its equations are 

'-?'='-i^-(-'V C4) 



77le angles made by the tangent plane with the coordinate plaiua are 
equal to the inclinations of the normal to the coordinate axes. 

By analytic geometry of three dimensions, the direction cosines of 
the line perpendicular to (3) are proportional to 



aa/' dy" 

Hence, if a, j3, y, are the inclinations of the normal to OX, OT, 
OZ, respectively, 

coaa cosff oosv 

Ja' ™ ^ ~ — 1 

dx' 9y' 



(«; 



AIm 00s'a+cos*y3-|-co8'r>*L (Sj) 

From (6) and (6) we find, dropping the aocenti^ 



ooe*aa 



'^V** 



m^ 
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f-V 



For the inclinatioQ of the tangent plane to XT, we have from (7), 

■»V=i+(|)V(fJ (S) 

t^.,=(|)'+(|y. 

The term ilope used in geometry of two dimensionB may thns be 
extended to three dimenBions, as the tangent of the angle made by 
the tangent plane with the plane XT. In this sense, 



the slope : 



^m^- 



EXAMPLES 
1. Find the equations of the tangent plane and aonnal, to the 
sphete ^ + y* + 2* = a', at (a:', y,' z'). 

5a; z' dp »' 
ox' z' Sy «r 
Substituting in (3), «-«'=: -l'(a)-aO-^(y-ffO' 
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Ftotn (4) we find for the normal 



%_1 = 1_1 = «_1 ^ = 2. = V An^ 



8. Find the equations of tangent plane and normal to the con^ 
3aJ-y* + 2z' = 0, at (a;', J/', a'). 



ic-a'' ^ ■'/ " y' _ t — z* 



Ans. 3xx' — yy'+2zz'^0, — — - 

■3* — s ■"* 

8. Find the eqtmtion of the tangent plane to the elliptic parabo- 
loid, z=3x'+2y', at the point (1, 2, 11). 

Ana. 6x+Sy-z = lt 

4. Find the equations of tangent plane and normal to the ellipsoid, 

a!'4.2y' + 3K' = 20, 
at the point 21= 3, </ = 2, z being positive. 

An3. 3x + iy + 3z = 20i x = z + 2, Sy = iz + 2 

Find the dope of this tangent plaite. Am. i 

5. Find the equation of the tangent plane to the sphere, 

a? + !f' + ^-2x + 2s=l, Kt(x',y',z'). 

Am. x3f+y^ + zz'-~x — x' + y + ^ = -L 

HI. Partial DflrtradTes of Higher Ordera. By successive differ- 
entiation, the independent variables varying only one at a time, we 
may obtain 

5«u ^ a^ a^f 
3^ a/ flar"' ay*'"'* 
If we differentiate u with respect to x, then this result vith respect 
to y, we obtain =-/ — 1, which is written • 
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two with respect to x, and one with respect to y. It will now be shown 
that this result is iudependeut of the order of these differentiations. 

In other words, the operations -— and ■— are commutative, 

dx dy 

Thati., _^_-5l, -g!i-„ a*" _-gli-. 
dgdx dxBy 5yfl«* dxdyBx fl«*6y 



112. Given »=fix,y), (1) 

dy\dxj 



u^.^. |/|) = i(|). 



Supposing X to change in (1), y being constant, 
^u _ f(x + Aa;, .y) —/{x, y ) 



yow supposing y to change in (2), x being constant, 

A/i±\ ^ fix + i^x,y + Ay) ~f(x, y + Ay) -f(x + i^x, y) +f(x, y) 
J^Aa:/ AyAa; 

Berersing the above order, we find 

&u^ f(x,y + ^y)-f(x,f) ^ ^^ 
Ay Ay 

_A /A«N ^ /(a! + Aic,y + Ay)-/(a: + AiC,y)-/(a;,y + Ay)+r(a!,y) 
Aa!\iy/ AxAy 



A_/A«\ ^/'AtA 
&.y\Aa;J Aarl^Ay/* 



The mean value theorem, (2), Art. 90, may be expressed in the 
torn ^ =/(«+«. Ajc), wlier6a=/Ca:). 0<tf<l. 
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In the present case, where u =f{x, ^), 

By (3) /^(i«+tfr A«. y + tfi-Ai/) =A(3; + tf,-Aar, y + tf.-Ay). 

Taking the limits as Ax, A.v, approach zero, and asBuming the 
functions involved to be continuous. 

That is, l{§^')=^(i^\or ^!«-_-^, 

dy\dxj &x\dyj dydx dxdy 

This principle, that the order of differentiation is immatericU, may 
be extended to any number of differentiations. 






Ihi 



Sx\dydxJ (hs\SxSyJ Sx'dy' 

It U evident that the same is true of fuDctious of three or more 
variables. 
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EXAMPLES 

9^ a»w 



1. „ = E£±^, 2. « = ^log?. 3. H = (x + y)ir 

ay + bx y 

Derive the following results : 

"• ^ y -r Jf, g^^ dxdpdxdy 3x3fax 

I ,_(3« + ,)-+.u.C2a,-,), find |5_^„60. 



7. « = !^+log? 



n x'-y' 



11. u-.bm-'5. 



U .-IogC«. + j' + A _ + _, + _.___. 

18. u-svJ+^J+ify^, . .?;-. -J + J + J. 



2co8(2ai + 2y + 2»> 



14. «-«m(j + .)Bm(» + «)iiiii(» + j), 
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113. Total DeriTstlTe. Total Difierential. In Art. 107 ve have 

referred to the change in u when x and y vary simultaneously. 

This change is called the total ini^ement ofu. Thus the total incre* 
meat of „ ^j.^^^ ^j 

is iw =fix + Aic,y + Ay) -f(x,y). 

The terms total derivative and totai differential are also used. Foi 
example, 
Irt . = ;r^-3>V, W 

and suppose a; and y to be functions of a variable L 
Differentiating with respect to t, 

= (3»V-6«rtf + («"-6;^)& .... (2) 
But from (1) we find 

So that (2) may be written 

du_dudx du^ ml 

<U dxdt Bydt ^ ^ 

If we had used differeiOiala in differentiating (1) we should have 
obtained 



differentiai, of u. 

We proceed to show that (3) and (4) are true for any function of 
xaaAg. 
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Noticing that Au is the total increment of u, 
and A,u, &,u, the partial increments, when x and y vary separately, 
let 

v,=f{x,y), X aady being fuoctions oft. 

u'=/(a: + dj;,y), 

Then &,u = u' — tt, 

A,m' = u" — »', 



H01UM Au = A.U + A^u', 

and A^f^^^ + 5!^'^. 

Af Ax Af \1/ &t 

Taking the limits of each member, as A(, and consequently A*, Ay, 
approach zero, da^Sudx dud^ ,g, 

since the limit of u' is u. 
This may be written in the differential form 

^•=li'^+|*- w 

In the same way, if u =f(x, y, a), where «, ?/, s, are functions of *, 

and d„ = ^dr + ?^dy + ?^(fe. (8) 

flj! ay M 

We may write in (8) 

t"-'^ 1*-^". 1*=** 

giving du = d.« + d^« + (f,w, 

that is, the totai diff«rentiai of u is the earn of its partial differmtiaU 
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This principle, B8 expressed by du = djtt + dgU, may be illnsttated 
by the figure of Art. 107, from which we hare 

4u = A,u + 4,w + area M2f, 
that is, Au = A.u + A^u + Ax A,v. 

As Ao; and Ay approach zero, the last term diminishes more lap- 
idly than the others, and we may write 

Au = A.u -f- AyU, approximately, 

the closeness of the approximation increasing as Aa; and Ajr 
approach zero. 

If Id (5) we suppose t = x, 
then u =f{x,y), y being a function of » ; 

M.d(6)become8 *i:=|H + ^^ (9) 

Similarly, if in (7), ( = ar, 

u =f(x, y, £), y and x being functions of k; 

whence i- — T + '5-T"^T:r 0-^) 

ax ax ay dx dz ax ' 



EXAMPLES 
Find the total derivative of m by (5) or (7) in the three following : 
1. M =f(x, y, «), where * = (*, y = C, « =-. 

— = 2(— -l-3(*— — - — 

3. « = log (a)*— y^, where e=:aco8f, y = asint. 

^=-2tan2t 



3. w = tan-'5, where 3! = 2(, y = l-e. 5!f = -_£-_ 

y dt 1 + P. 
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Apply (10) to the two following : 

4. «=/(!e, y,«), where ti=saf — ig, z = a^ — a;'. 

5. u = tan-'^, where y = 3-a!», z = l-S3?, ^ = _5_ 

X dx 1 + 3^ 

Find the total differential by (6) or (8) in the following ; 

6. u = a!e' + 2bxy + c!/', du = 2{ax + by)(ix + 2{bx-i-cy)dy. 



d« = «^dx+i2a£dA 



8 M = loff?^Hi^±jO ^^^ ^nydx-BJaxdy 

*8inJ(x — y)' ooaa; — cosy 

9. ii = a!^ + by' + cz' + 2Jyz+2gzx + 2hxy, 

du=2(ax + hy+gt)dx + 2ihx + by+fi)dy+2(gx+fy+cz)dz. 

10. u = ^', du = i^^^(szdx + zxlogxdy + xylogxdz). 

11. « = tan'a.tan'ytan'2, du = iu(^+J^ + ^\ 

Vain 2a! am2y 8m2xJ 

If the variable t in (S) and (7) denotes the time, we have the le- 
Uition between the rates of increase of the variables. 

For illustration oonsideT the following example : 

12. One side of a plane triangle is 8 feet long, and increasing 4 
inches per second; another side is 6 feet, and decreasing 2 inches 
per second. The included angle is 60°, and increasing 2° per second. 
At what rate is the area of the triangle increasing ? 
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The area ^ = ^bcsiuA, from which 

dt 2 dt 2 dt 2 dt 

= ,4934 sq. ft. =71.05 sq. in. per sec. 

13. One side of a rectangle is 10 inches long, and increasing uni- 
foTmly 2 inches per second. The other side is 15 inches long, and 
decreasing uniformly 1 inch per second. At what rate is the area 
increasing ? Ana. 20 sq. in. per sec. 

At what rate after the lapse of 2 seconds ? 

Ans. 12 sq. in. per sec. 

14. The altitude of a circular cone is 100 inches, and decreasing 
10 inches per second, and the radius of the base is 50 inches and 
increasing 5 inches per second. At what rate is the volume in- 
creasing ? Atis. 15.15 cu. ft. per sec. 

15. In Ex. 12, at what rate is the side opposite the given angle 
increasing ? Ana. 4.93 in. per sec. 

114. Differentiation of an ImpUclt Function. (See Art. 66.) The 
derivative of an implicit function may be expressed in terms of 
partial derivatives. 

The equation connecting i/ and x, by transposing all the terms to 
one member, may be represented by 

*(^..V)=0 (1) 

Let u = ^(x, y). 

From (9), Art. 113, we have for the total derivative of u, 

du Am I flw dy 

dx dx dtf dx 
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But by (1) X and y must have suoh values that u may be zero, that 
ia, a constant; and therefore its total derivative— must be zero. 



md ^=-^ 

lie du 

For example, find -^ from «y + 1^ = tf. 

Let u-iy + iV-o". 



g=3^ + 2>^, |?=2iV + 3«y. 



dy . 3»V+2»»' 3zv + 2.»' 

da! 2a!V+3aY 2a!» + 3a!y' 



By (2; 

In the same way find the first derivatives in the examples of Art. 6 



115- Extension of Taylor's Theorem to Functions of Two Inde- 
pendent Variables. If we apply Taylor's Theorem 

to f(?!+h,y + k), 

regarding x as the only variable, we have 
f(a+ h,y + k) =f(x, y + k) + h^fip, y + Jfc) 
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/(iB, jf + fc), regarding y as tlie only ToiiaUe, 

Sabstitating tbia in (1), 



ThiB may be expressed in the symbolic form thus : 

■whetef A— +k — Vifl to be expanded by the Binomial Theorem, aa 
\ dx dyj 

if A— and k— were the two terms of the binomial, and the result- 

dx dp 

ing terms applied separately tof(x, y). 

116. Taylor's Theorem applied to Functions of Any Vomber of In- 
dependent VariabUB. By a method similar to that of the preceding 
article we shall find 

f(x + k,s + k.z + t)~f(x,y.z) + (h^+k^ + lQf(x,i,.z) 
This expansion may be extended to any number of variables. 
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EXAMPLES 
1. Expand log (as + A) log (y + ft). 

Let„=/(«,y) = log..Iogy. J^=i2£i?, |« = lo£«^ 
ox X dy y 

dhi logy ifn J^ fl^ log a 

93^ aj* ' 9iidx xy' 5y* y* 

By (2), Art. 115, log (»+l) log (y+*) = log» log j 



3. sill [(« + »)(? + *)] = sin (as) + ftj cos (»!() + fa! eo«(«y) 



4. log(,~' + 0-l»8(«- + «-) + ^^±^ + ^^^+" 



CHAPTER Xn 
CBJOMB OS THK VARIABLES IV DERITA-nTIS 



"'- *»^s & ^ ■•— — 1 i p- 


Tbia i» eliangiitg t 




1)7(1), Art. SO, 


*_i_ 


dz di; 




* 


By (3), Art. 5H 




PromCl), 


d * d 1 dj- 

dyda; dydie" 7^* 
d» W 




d*> 




.d% d,- 




-^ ~m 


Slmllulr, 


d*y d (p^ _ d d*y djf 
die'^dajda!' dydx^'dx 


Pron(8), 


ddV V; djdy- 

5© (1). 




.tr!^\ds-J i,df . . 



(gj 



P) 



w 
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It is sometimes necesaaiy in Uie derivatives, 

dx' da^ daf' ' 

to introducfl a new variable z in place of x or y, x being a given 
function of the variable removed. 

Tliere aie two cases, according as z replaces y or x. 

m««. T.»p«-|,^g...,..«™.«|,^^..., 
where ^ is a given function of z. 

By (3), Art. 66, 

diB* dx\dx)dx dzdo^ dA^d^y 6z dif' 

Similarl;, we find 

tPy _ <Py /ftoV. ^^dz(Pz dy (fa 
d!i?~(fe»\.da!/ dz" da! (te* (fa da^' 

Similarly, ^, ^, ■■•, may be expressed in terms of x and x. 

It is to be noticed that in this case there is no change of the in- 
dependent variable, which remains x. 
For example, suppose y — a". 



^__dy^ 
dx dz dx' 
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lift tta^ I>mn>^.^ ^ 

ill' ■ii"' di" 

This U eiiu^ag Ik Bitcpndcai loriaUe^hiaXai: 

By (3), Art. », 4[=**_.^. 

dx d2 dz dz 



dte^ dz\,dzjd 



^^±fdi\^ _ dz\dxj 



dz dz* dz dz* 



(tj 



Similarly, higher derivfttivea may be expressed. In pnctioe it 
is generally easier to work oat each cose by itaeU. 
For example, suppose a; = z*. 

dx dtdx 



dx 3 dz 

'-* ■ ixj dz\dx)dx' 



(1) 



daj* 9^^ dz" dz/ W 
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From (2), l('*')_l('.-'^-6^^+ lOr-^Y 
(to* 27l^ (to» (to* dx} 



EXAMPLES 
Cbange the independeat Tariable from a; to y in the two following 
equations : 

0. 



\daf) ixd^ dA^ibJ d^f df 

S. /'3a* + 2Y^Y-('a^ + l'|*^. 

r (i»* A'!''; r<to^ Jifact." 

Change the variaUe from ^ to 2 in the two following equations : 
^ (l + .)-(g-2,) + (|)-=2(l+„|^ ,.^ + 2.. 



Change the independent variable from z to 3 in the following 
equations : 
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^ ^ da? 'dx 

120. Tranafonnation of Partial Derivatlvea from Rectangnlar to Polar 
Coordinates. 

Given u = f(x,y). 



tangular, and r, 6, polar coordinates. 
We have from (5), Art. 113, regarding m as a function of r and 0, 

di~drdx d$dx ^ ' 

du_dudr,dud6 -n, 

3y~ Br dy de dy' ^ ^ 

The values of ■— , ■— , --, -— , are now to be found from the relar 
dx dy ox oy 

tions between x, y, and r, $. 

These are a = f costf, y = r sinfl (3) 

garded as functions of x and y. 
These are, from (3), 

i* = a? + y», e-tBoi-^t 
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DifferentiatiDg, we find 

dx r dy r 

de y _^ aing d6 _ x ^ coatf 

dx i^ + y* T ' dy a? + j* r 



Substitutii^ in (1) and (2), we hare 

dr r B$' 

9u „;„ a flw J COS 



co8tf5-?i^|^, (4) 



2H=Bintf^ + ^^^^ (5) 



121. Tranafonnation of -^4--=-: from Rectangnlai to Polar Co- 
ordinates. By Bubstitnting in (4), Art. 120, -^ for w, wo have 

dx" dx\dxj dr\dxj r de[ax) ^ ' 



Differentiating (4), Art, 120, with respect to r, 

d /dv\ „3'm sintf 5'« , ainffBu /n. 



Differentiating (4), Art. 120, with respect to $, 



^^^Vc«.»— — in»--S« — -22t-»?!!. . . (3) 
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SubstitQting (2) and (3) in (1), we have 

^-poptfl^ 28intfcosg yw ■ ain'g 3*M . sin'g 3M 
«a? an r 3rafl'''f^atf'rar 



, 28ingcQ8^3u 



Similarly by using (5), Art. 120, instead of (4), we find 

fl'u_ ■ ,n3% 2aiDtfcoa^ dhi oo8'tf5*tt cos'flflw 
3y»~ A*"*" r arW"*" r^ 60''*' r dr 



2 HJn S cos tf 3m 
r" 30' 



Adding (4) and (S), ire obt^n 



W dy' dr' rSr r'at^' 



(*) 



.(« 



CHAPTER Xin 

HAZnU AVD HIHIHA OF FUNCTIOHS OF TWO OR HORI 
INDEPEITDBHT VARIABLES 

122. Definition. A function of two independent Tariables, /(a;, y)^ 
is said to hare a maximum ralae when x=a, y = b; when, for all 
snfSciently small numerical values of h and k, 

f(a,b)>f(a + h,b+k), (o) 

and a tninitniuii value, when 

/(«,»)</(» + »,» + *) W 

123. Coiidltiona for U'^Htia or Hliriim. 

we find that a neoessary condition for both (a) and (b) ia that 



This may be shown as follows : 

Condittons (a) and (b) must hold when ft b 0, and we have f 



/(a,b)>fia + h,b), 

and lor a minimam 

/(a,b)</(a + A,b), 

fbr snffloiently small values of A. 
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We thus have for consideratioD a fanctdcKi of only one yariabla 
B7 Art. 106, we miut have for both mazimain and minimum, 

—/(i, 6) = 0, when * = a, 
thati» — /(a!,y)=0, whenx=a, g =b. 

Similarly, by letting A = in (a) and (ft), we may derive 

oy 

These conditions for a m^mum or minimum are necessary bat 
not sufficient As in the case of maxima and minima of fonctiong 
of one variable, there are additional conditions involving derivatives 
of higher orders. Thrae we shall give without proof, as their 
rigorous derivation is beyond the scope of this book. 

The conditions for a masimum or minimum value of u=/{z, y) 
are as follows : 

For either a maximum or minimum, 

^ = 0, and ^ = 0; (1) 

diB fly 

*•" [9^^)<e?d^ ^^ 

For a maximum, £<<>. wd ^<0 (3) 

For a minimum, ^>0, and ^>0. (i) 

03? 5y* * ' 

124 Functians of Three Independent Tarlables. The conditions 
for a maximum or minimum value of u=f(x, y,'z) are as follows: 
For either a maximum or minimum, 



= 0,^ = 0, i 
dy I 



and 



\3xdyj ' 



5^5V 



MAXIMA AND MINIMA OF FUNCTIONS 
For a maximum T~i'^^> ^""^ A<0; 



for a minimum, 



da?" 



da^ Sx fly" dx Bz 

3hi a^t yu 

dxdy' dy^ Sydz 
dx flz" ay fo' 3i!* 



EXAMPLES 
1, Find the maximum value of 

u = 3 aasy — 3? — ^, 



Heie 






iajt-Sa?, 



9y 



-Sy*. 






Applying (1), Art. 123, we have 

ay — a!* = 0, and oa; — y* = 0; 

Thence a!=0,y = 0; on x=a,y = a. 

The values ir = 0, y = 0, give 



which do not satisfy (2), Art. 128. 
HeDce they do not give a 
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The values x => a, y=^a, give 
SFu_ 



^ = -60.- 



whieh satisfy both (2) and (S), Art. 123. 
Hence they give a maximum value of u, which is a*. 

2. Find the maximum value of xt/z, subject to the condition 

j.+^?-' w 

and as xgz is numerically a maximum when i^yV is a maximum 

we put 

FromiS = o a— , - 
(2), Alt. 123, 

jB=— — , yw— — , whiohgiye 



SJii _8S" SV _8rf _8V 



MAXIMA AND MINIMA OF FUNCTIONS 

As these values satisfy (2) and (3), Art 123, it follows that se, 
a maximum when 

Vf V3^ VS 

. ate 



3. Find the valuea of x, y, z that render 

af + y' + ^ + x-2z-x3 

Ant. x= — |, y= - 



a minimmn. _ _ 

4. Find the maximom ralue of 

{a~-x)(a-y)(x+y~a). Ana. — . 

5. Find the minimum value of 

i^ + xy + y' — ctx—by. Ana. —(ab — a*—b*). 

6. Find the values of x and y that render 

sin as + sin y + cos (x + y) 
a mftT-imnin qj minimum. 



7. Find the maximum value of 

(ax + by + cf Ans.a* + b*+<f. 

3? + y'+l 

0. Find the maximum value of xV^i subject to the condition 

2x + 3y + iz = a Ana. (^. 

9. VinA the minimum value of - + 1 -)- ', sulnect to the condition 
a c 
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10. Divide a into .three parte such that their continued product 
fflnj be the greatest possible. 

Let the parts be x, y, and a — ar — y. 

Then ■u = xy(a — x~y'), to be a maximum. 

^ = ay-2ay-f = Q, j- = ax-i^-2xy = f>. 
These equations give x = y = --. 

Hence a is divided into equal parts. 

Nora. — When, from the nature of the problem, it is evident that there is 
a niaxiniiui) or minimum, it is often unnecessary to consider the second 
derivatives. 

11. Divide o into three parts, x, y, z, such that 3!"yV may be a 



M + n+p 



12. Divide 30 into four parts such that the continued product of 
the first, the square of the second, the cube of the third, and the 
fourth power of the fourth, may be a maximum. 

Ans. 3,6,9,12. 

13. Given the volume a" of a rectangidar parallelopiped ; find 
when the surface is a minimum. 

Ana. When the parallelopiped is a cube. 

14. An open vessel is to be constructed in .the form of a rec- 
tangular parallelopiped, capable of containing 108 cubic inches of 
water. What must be its dimensions to require the least material in 
construction ? 

Ana. Length and width, 6 In. ; height, 3 in. 

16. Find the cobrdinates of a point, the sum of the squares of 
whose distances from three given points. 



IS a minimum. 
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Ans. -(xi + av + aj,), 5 (ji + 3/i + !/0. 



the centre of gravity of the triangle joining the given pointa. 

16. It x,p,z are the perpeDdicuIars from any point P on the sides 
a, 6, c of a triangle of area A, find the minimum value of 3^ + y* + 2'. 



17. Find the volume of the greatest rectangular parallelepiped 
that can be inscribed in the ellipsoid, 



18. The electric time constant of a cylindrical coil of wire is 



ax + by + cz' 

where X is the mean radius, y is the difference between the internal 
and external ladii, 2 is the axial length, and m, a, b, c are known con- 
stants. The volume of the coil is nxyz = g. Find the values ot x,y,i 
which make u a minimum if the volume of the coil is fixed ; also the 
minimum value of u. 



Ans. ax = bi/ = cz=jS. u=^\t^ 
* n 3 Voftcn" 



CHAPTER XtV 



CUltVES FOR REFERENCE 



We givi° in this chapter representations and descriptions of some 
of the oiirres used as examples in the following chapters. 



RECTANGULAR COORDINATES 



US. The ClsMid, 



This curve may be constructed from 
the circle ORA Cradius a) by drawii^ 
any oblique line OJf, and making 

PJIf= OS. 

The equation above may be easily 
obtained from this construction. The 
line AM parallel to T is an asymp- 
tota 

The polar equation of the oissoid is 

r=2a8ini9tantf. 
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126. The Wltcb of Agnesi, y = 



Y 


A N 


^--'-''''''^'^ \ ** 


•:^ 


p 


^ --— 



This curve may be constructed from the circle OBA (radius, a) by 
drawing any abscissa MB, and extending it to P determined by OBN, 
by the construction shown in the figure. 

The equation above may be derived from this construction. The 
axis of X ia an asymptote. 

127. The Folium of DeBcartes, 

The point A, the vertex of 
the loop, is 



my 



The equation of the asymp- 
tote MN is 

x+^l/ + a=0. 

The polar equation of the 
folium is 

3 g tan ^ sec g 
~ l + tan»* 
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128. The Catenary, y = ^ (e" + e *)■ 




This is the carve of a cord or chain suspended freely between two 

points. 

129. Tbe Parabola, referred to Tangents at the Extremities of the 
LatuB Rectum, x^ + y^= a'. 




The line LL' is tbe latna rectum ; its middle point F, the focus ; 
OFM, the ajEis of the parabola; A the middle point of OF, the vertex. 
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165 



130. The curve a^hf = xf, where one coflrdinate is ptoportiona] 
to the nth power of the other, is sometimes called the parabdLa o/ 
the niA degree. 

If n = 3, we have the Cvbieal Parahola, a*y = jb". 



e bare the Semicubicai Parabola, 
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131. Tbfl Tw»«zched Epicyeloid. 



«-^COS*-^C083*, 



,-i2Bm^-28m3^ 



See (3), Art. 293. 




132. Tlie Hypocrdold of Four Cnip* aometlmea called tlw Astrold, 

x^ + y^ = J- (Art. 297) 



This is the curve de- 
HOribed by a point P 
in the circumference of 
the circle PR, as it rolls 
within the circiunfei- 
ence of the fixed cirole 
ABA', whose radiuB a 
la four times that of 
the former. 

The equation above 
may be given in the 
form 



iS^acos'^, ^^asin*^. 
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133- Tba Cam, 

The equation is 
the same as that 
of the ellipse with 
the exponent of 
the second term 
changed from 2 



134. ThttCoTYt, ay =ia*ix^- a*. 






POLAR COORDINATES 
135. The Orde, r = asinti + 6costf. 



By laying off OB = ft, and BA = a, we 
determine OA the diameter = Vo' + 6*. 

If & = 0, r = a sin 6, the circle referred 
to OX. (2d fig.) 

If o = 0, r = ft 008 6, the circle referred 
to OfSJ. 
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136. Tbg S^ial ot ArOdmeita, r = a6. 




OPy^iOA, 0Pt=\OA, OP^ = iOA, OP, = ^OA,..., 
0B = 20A, 0C = 30A. 

The dotted portion correaponds to negative values of $. 

137. The Hyperbolic or Reciprocal Spiral, r6 = a. 

In this curve r ^ 

varies inversely as 
ft The line MN 
is an asymptote, 
which the curve 
approaches, as 
approaches zero. 

Since r=0 only 
when tf=oo, it fol- 
lows that as in- 
finite number of 
revolutions are 
necesBaiy to reach the ori^n. 
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136. The Logarithmic Spiral, r = e^. 

Starting from A, 
irheie tf=0 and r=:l, 
r increases with 6; 
but if we suppose $ 



as $ numerically in- 
creases. Since r^O 
only when 6= —cc , 
it follows that an 
infinite number of 
retrograde revolu- 
tions from ^ is re- 
quired to reach the 
origin 0. 

A property of this spiral is that the radii 
make a constant angle with the curve. 

139. The Parabola, Origin at Focua, r(l - 
That is, r = a cosec'- • 



The initial line OX is the axis of 
the parabola; the origin O is the 
focus; LL', the latue rectum. 

If the parabola is revolved ISO" 
about 0, its equation is then 




vectores OP, 0P„ OPt, ■ 




140. The Parabola, Or^n at Vertex (see preceding figure), 

rsin6taxi$^4a. 
The initial line is the axis AX; the origin is the vertex A. 
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141. The Cudloid, r = a(l- 

This is the ourve described 
by a point P in the circum- 
ference of a circle PA (di- 
ameter, a) as it rolls upon 
an equal fixed circle OA. 

Or it may be constructed 
by drawing through 0, any 
line OB in the circle OA, 
and producing OB to Q and 
Q', making JiQ=BQ'=OA. 

The given equation fol- 
lows directly from this con- 
struction. 

If the cardioid is revolved 90° to the right about 0, ita equatio 
r = «(1 -I- sin ff). 

142. The Equilateral HypetboU, 7^00^2 $ = (^. 





t* sin 2 0=(^. 
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3.43- The LenmUcAte referred to OA (see pteceding figure), 
r* = o' COS 2 A 

This is a curre of two loops like the figure eight. 

It uia7 be defined in connection vith the equilateral hyperbola, as 
the locus of P, the foot of a perpendicular from on PQ, any 
tangent to the hyperbola. 

The loops are limited by the asymptotes of the hyperbola, making 

T0X=T0X = i5\ OA = a. 

The lemniscate has the following property ; 

If two points, F and F', called the fooi, be taken on the axis, sueh 



'V2' 



then the product of the distances P'F, P'F', of any point of the 
curve from these fixed points, is constant, and equal to the square 
of OF. 

If OT'ie taken as the initial line, the equation of the lemniscate is 

r^ = a»8in2tf. 



144. The Fonr-IesTed Rose, r = a sin 2 A 
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145. The Cnrv«, r = a sin' - 




CHAPTER XV 



DIRECTION OF CTTRVES. TASOEKTS AND NORMALS 

We have seen in Art. 17 that the derivative at any point of a 
plane curve is the slope of the curve at that point. We will now con- 
sider some further applications of differentiation to curves. 

146. SubtonKent, Subnormal, Intercepts of Tangent. — Let PT be 
the tai^nt, and PN the normal, to a curve at the point P, whose 
ordinate is y = PM. 
Then MT is called the 
B^tangent, and MN 
the svbTMrmal, corre- 
sponding to the point 
P. 

To find expressions 
for these quantities r 

Let ^ donote the 
angle PTX, the in- 
clination of the tan- 
gent to OX. 

By Art. 17, 



Sabtangent= TMs 




tanP7'X = tan ^ = 
PMQOtPTM=y cot <f, = l. =:p 



Subnormal = MN^ PM tan MPN= y tan ^ = 

Intercept of tangent on 0X= 0T= OM- TM= 

ay 
PM=x\xa^- 

A. 



Intercept of tangent on 0Y= OT' 
But as OT' is negative, we hare 
Intercept of tangent on T= y — xt 



i*=y- 
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147. Anffle of Intenectlon of Two Cmrai. Suppose tlie two ctirTea 
intarseot at P. 

Tjet PT and PT be the 
taa^nts at P. 

PTX=4,, PTX=^\ 

and let / be the angle 

TPT between the tangents. 

Then /= ^' — ^ and 

l+tam^'tan^ ^ ' 

From the equations of 
the given curveB find the 
coordinates of the point of 
intersection P\ then using 
these equations separately, find by tan^=-^ the Talues of tan^ 

and tan ^' for the point P. Substituting in (1) gives tan /. 
For example find the angle at which the circle 




rf+ff» = 13, . . . . 

interseots the parabola 

2ff* = 9a!, . . 



(2) 



.... (3) 

The intersection P of (3) and (3) is 
found to be (2, 3). 
Differentiating (2), 



From (3), 

Substituting in (1), tan / 



ax iy i 
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EXAMPLES 
1. Find the direction at the origin of the cnire, 

(a* -b*)y = x(x~ o)* - 6*!i!. Ana. 46° with OX. 

What must be the relation between a and b, so that it m&j be 

parallel to OX at the point a; = 2 a? Ana, Sa' = &*. 

3. Find the points of contact of the two tangents to the curve, 

parallel to the tangent at the origin to 

the carve, y» + ay = 2 ax. Am. fl, i\ ( - 4, 11)- 

3. Find the subtangents and subnormals in the parabolas, 
j^ = 4aa, and x* = 4a$. 



4. Find the sabtangent and subnormal in the cissoid (Art. 126), 

y* = ^ , at the point (a, a). Ana. -, 2 a. 

5. Show that the sum of the intercepts of the tangent to the 
parabola (Art 129), x*+ y'= a', is equal to a. 

6. Show that the area of the triangle intercepted from the co- 
ordinate axes by the tangent to the hyperbola, 

2xy = a*, is equal to c^. 

7. Show that the part of the tangent to the hypocycloid (Art. 132), 
«* +y'= a', intercepted between the coordinate axes, is equal to a. 

8. At what angle do the parabolas, ^ = ax and ^ = &ay intersect? 
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9. At what angle does the ciide, ^ + y' = Sx, intersect the curve, 
8y=>7i^ — 1, at their common point (1, 2) ? Ana. 45°. 

10. Shov that the ellipse and hyperbola, 

7^2 ' 3 2 ' 
intersect at right angles. 

11. Find the angle of intersection of the circles, 

i^ + y'-a!.+ 3y + 2 = 0, »" + /-2y = 9. Atu. tan-'|. 

13. Show that the parabola and ellipse, 

intersect at r^ht angles. 

13. Show that the parabolas, 

y' = 2ax + a\ and ai' = 26y + 6«, 
intersect at an angle of 45°. 

14. Find the angle of intersection of the parabola, 

a? = 4 ay, and the witch (Art. 126), y = ^°' ^ . 

Ana. tan-*3=71"34'. 

15. Find the angle of intersection between the paiabola, 

y* = iax, and its evolute, 27 aj/* = 4 (« — 2 a)». (See Fig., Art. 167.) 

Ana. tan-* __. 

148. Equations of the Tangent and Normal. Having given the 
equation of a curve y=f(x), let it be required to find the equation 
of a straight line tangent to it at a given point. 
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Let (as', y*) be the given point of contact. Then the equation of a 
Btiaiglit line through this point ia 

y — ^ = m(x—x'), (1) 

in which x and p are the variable coordinates of any point in the 
straight line; and m, the tangent of its inclination to the axis of X. 
But since the line is to be tangent to the given curve, we must have, 
hyArt.17, 

dx' 



m = tan ^ = 



^ being derived from the equation of the given curve y=/(a!), 

and applied to the point of contact (»', y'). 

If we denote this by -^ , we have, substitutii^ m =■ -2- in 
.. ,,, dx' dx' 

equation (1), 

S-»' = |-!(»— '). (2) 

for the equation of the required tai^ent. 

Since the normal is a line throi^b (x', y') perpendicular to the 
tangent, we have for its equation 



For example, find the equations of the tangent and normal to the 
circle 3^ + i^ = a^, at the point (a;', ?/'). 

Here, by differentiating si? + ^ = a\ we find 

^ = -2, from which ^ = -1 
dx y dar jr 

Snbstitnting in (2), we have 

y-y' = --(x-x'), 

as the equation of the required tai^nt 
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It may be simplified as follows: 

Kr' + yy'=!r'*+y'*="a*. 
The eguatioa of the normal to the circle is found from (3) to be 

which reduces to x'y=y'x. 

EXAMPLES 
Find the equations of the tangent and normal to each of the three 
following curres at the point (a;', y"): 

1, The parabola, ^ = 4ax. 

Ana. yy'=2a(x + x'), 2a(s-y') +y'(x-x')=LO. 



2. The ellipse, -, + ^=1. 
or 6* 



Jns. 2El+^ = l,6»a:'(y-y')=aV(ar-a!> 

3. The equilateral hyperbola, 2sm/ = a*. 

Ana. xy'-\-y3f = a\y'{y—}^) = 3f{x-~i:^. 

4. Find the equation of the tangent at the point (x',y') to the 
ellipse, 3a!»-43:y4-2y*+2ir = 2. 

Ana. Zxx' + 2yy'-2{x'y + y'x) + x + i;^ = % 

9. Find the equations of tangent and normal at the point (z', y*) 
to the outre, tE" — oV- 
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6. la the ciBBoid (Art. 125), y* = —^ — . find the equations of the 
tangent and normal at the points whose abscisaa iB a. 

Ans. At (a,a), j/ = 2x — a, 2y + x=3a. 

At (a,-a),. y + 2x = a, 2y = x~3a. 

7. In the witch (Art. 126), y=~l^—, find the equations of 

the tangent and normal at the point whose abscissa is 2 a. 

Ana. x + 2y==ia, y = 2x-3^a. 

8. Find the eqiiation of the tangent at the point (x', y') to the 
curve, a?y + xy'=a''. 

Am. xy'i2x'+y')+ysi^(2y' + x')^S(^. 

Find the equations of tangent and normal to the three following 
purvea : 

9. 3?+!^ =3 axy {Art. 127), at f^,?^. Ana. x+y=3a, x=y. 

. 10. a! + ff = 2e-', at (1,1). Ans. 3y = iB + 2, 3x+y = i. 

11. f^y + UJ=2,B.t(a,b). Ana.^ + ^=2, ax-by^a'-V. 

12. Find the equations of the two tangents to the circle, 

a? + y* — 3y = 14, parallel to the hne, 7y = ix + l. 

Ana. 7y = 4x + 43, 7y = ix — 22. 

13. Find the equations of the two normals to the hyperbola,. 

4a^— 9y* + 36=0, parallel to the line, 2y + 5x = 0. 

Ana. Sy + 20x=±65. 

X49. Asymptote!-* When the tangent to a curve approaches a 
limiting position, as the distance of the point of contact from the 
origin is indefinitely increased, this limiting position is called an 

' The UmlU of Ibia work allow only a brief noUoe ol tbis inbject. 
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asymptote. In other words, an asymptote is a tangent 'vrbich passes 
within a finite distance of the origin, although its point of contact is 
at an infinite distance. 

We have found in Art. 146, for the intercepts of the tangent on the 
coordinate axes, 

Intercept on OX=x — y— , Intercepton OY=y~x-^. 
ay dx 

If either of these intercepts is finite for x = oo, or y ^ oq, the cor- 
responding tangent will be an asymptote. 

The equation of this asymptote may be obtained from its two 
intercepts, or from one intercept and the limitii^ value of -^. 

Let us investi^te the oonic sections with reference to asymptotes. 

(1) The parabola, y* = 4 Oil, ^=— ■ 



Intercept on 0T= y-x^ = y~^=^. 
dx ' y 2 

When a; = 00, y = ec , and both intercepts are also infinite. 
Henoe the parabola has no asymptote. 

(2) The hyperbola, 5f_!^ = l, ^ = ^. 
' a' 6' dx ary 



These intercepts are both zero when x = oo, and there is an 
asymptote passing through the origin. To find its equation, it is 
y to find the limiting value of -^, when xs: co. 

dy _ 6^ _ bx ^ ^ b 1 

dx cfy a^W- 

-2 = ±-, when X =00. 



"nR 



DIBECTION OF CURVES. TANGENTS AND NORMALS 181 
Tbera are then two asymptotes, whose equations are 

(3) The ellipse, having no infinite branehes, can hare no 
asymptote. 

150. Asymptotes Parallel to the Coiirdinate Axes. When, in tlie 
equation of the curve, x^eo gives a finite value of y, as ^ =: a, then 
^ — a is the equation of an asymptote parallel to OX. 

And when y = <*> gives x = a, then x = a is an asymptote parallel 
to OT. 

151. Asymptotes by Eicpanaion. Frequently an asymptote may 
be determined by solring the equation of the curve for x or y, and 
expanding the second member. 

For example, to find the asymptotes of the hyperbola 

As X inoreaaes indefinitely, the curve approaches the line? 

* = ± — , the asymptotes, 
a 

EXAMPLES 
Investigate the following curves with reference to asymptotes : 
*■ y = ^ , Q « • Asymptote, y=!B. 



8. y* = 6ii^ — a^. Asymptote, SB + y != 2. 

a 

"2a 



8. The cissoid ( Art. 125) y* = ^-^- — Asymptote, x = 2a. 
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4. j[^ + y*=a*. Asymptote, SB +y = 0. 

5. (as — 2 a)y* = a? — of. Asymptotes, a; = 2a, !ij + a=±y. 

6. a!» + y* = 3 oiry (Art. 127). Asymptote, x-\-y-\-a = 0. 
(Substitute y = vx\ii the given equation and in the expressions 

for the intercepts.) 

152. Direction of Cuire. PoUr CobrdlnAtes. 



In this case the angle 
OPT between the tangent 
and the radius vector may 
be most readily obtained. 
Denote this angle by ^. 
Let r, B, be the coordi- 
nates of P; r+Ar,tf+itf, 
the codrdinates of Q. 
Draw PB perpendiouJar 
toOe- 



Then taaPQfi = 




"Sow let Atf approach zero ; the point Q approaches P, and the 
ai^le PQB approaches its limit i^. 
Hence tan ^fr = Limi,_otan PQfi = ^ (1) 



The inclination ^ of the tangent to OX may be found \yf 

* = ^ + * (2> 
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.153. Polar Subtangent and SubnonnaL 



If through 0, NT be drawn per- 
pendicular to OP, or is called the 
polar aubtangent, and ON the pdar 
subnormal, corresponding to the 
point P. 

0T= OP tan OPT; that ia, 



Polar subtangent = r tan ^ = - 



0N= OP cot PNO; that is, 



154. Angle of Intersection. Suppose the two curves intersect at P, 
and have the tangents PT and PI". 
OPT=,j,, OPT'^yp'. 

Then the angle of interaection, 




and 



n T— tan if-' — tan ^ 
~~ 1 + tan^'tan^ 



(1) 




By this formula the angle of inter- 
section may be found in polar coordi- 
nates, in the same way as by (1), Art. 147, in rectangular coordinates. 

For example, find the angle of intersection between the curves 

r = asin2tf, (2) 

and r = acos2e. (3) 

From (2) and (3) we have for the intersection 
taa2« = l. 
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Ekom ^, tan ^' = - tan 2 tf s= -, for the intersection. 

j'roiii (S), tan ^ = — - cot 2 = — -, for the intereection. 

Sabstitntlng in (1), tanJss-. 

The curves are that in Art. 144, and the same curre revolTed 45° 
abont the origin. 

EXAMPLES 
1. In the circle (Art. 135), r = a sin $, find ^ and ^ 

Ans. il> = $,a,uAif, = 2e. 

3. In the It^arithmio spiral (Art. 138), r = e'*, show that ifi ia 
constant. 

3. In the spiral of Archimedes (Art 136), r=a6, show that 
tan ifrssfi; thence find the values of ip, when = 2 n- and 4 -r. 

Ana. 80''67'and85°27'. 
Also show that the polar subnormal is constant. 

4. The equation of the lemniscate (Art. 143} referred to a tangent 
at its center is r* = a' sin 2 0. Find ip, <p, and the polar subtangent. 

Ans. i/ = 2e; ^ = 3(1; subtangent = a tan 2 f Vsin 2 e. 

5. In the cardioid (Art 141), r = a (1 - cos 0), find ^, ^, and the 
polar subtangent. 

Ana. ^ = — ; i\i = -; subtangent = 2 a tan - sin* ^ 

6. Find the area of the oiroumsoribed square of the preceding 
osrdioid, formed b7 tangents inclined 45° to the axis. 

Ans. g(2 + V3)o». 
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7. In the folium Of Descartes (Art. 127), r=^^^^^2?£* 
^ ' l + tan'* ' 



8. Find the area of the square circuni scribed about the loop of 
the folium of the preceding example. 

Am. 2-^al 

9. Show that the spiral of Archimedes (Art. 136), r = ad,andthe 
reciprocal spiral (Art. 137), r$ = a, intersect at right angles. 

10. Show that the cardioids (Art. 141), 

r = a(l-costf), r=6(l + 8intf), 
intersect at an angle of 45°. 

11. Show that the parabolas (Art. 139), 

,$ ,» 

r = m sec' -, r = n cosec' - 
2' 2' 

intersect at right angles. 

13. Find the angle of the intersection between the circle (Art. 135), 
r=cisintf, and the curve (Art. 144), r = aain2tf. 

Ans. At origin 0°; at two other points, tan"' 3v'3 = 79° 6'. 

13. Find the angle of intersection between the circle (Art. 135), 
r = 2 a cos ^, and the cissoid (Art. 125), r = 2 a sin tf tan fl. 

Ana. tan"' 2. 

14. At what angle does the straight line, rcostf = 2a, intersect the 
circle (Art. 135), r = 6 a sin tf ? ^^ +^_i 3 

15. Show that the equilateral hyperbolas (Art 142), i'sin2 = a\ 
r*cos2tf = fc*, intersect at right angles. 
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16. Find the angle of interBection between the circles (Art 135) 

r = aBva6 + b(ioaB, r = a cos fl + fe sin tf. 

An8. tan->^Il^. 

17. Find the angle of intersection between the lemniscate (Art.143), 
r* = a* sin 2 0, and the equilatei-al hyperbola (Art. 142), r*8in20 = &*. 

^n*. 2 sin~' — 



ISS. Derivative of an Arc. Rectai^alaT Codidloatee. Let s denote 
the length of the arc of the curve measured from any fixed point of it. 



Then 
We have 



8 = arc AP, As = arc PQ. 



Kow suppose Ax to approach zero, and consequently Uie point Q 
to approach P. 

Then 
Lim sec QPS^aec TPRs^eec^ 

RCCPQ 



PQ^ PQ 

Pit arcPQ Pit 



a.raPQ ' 

Lim^=Lim««^ 
PB PR 



Az dx 
sec ^ = -^ ; 



> 


^1 


y 


i3> 


R 




1 n 





thcrefoR, |.VTTt£i?* = Vl+(|)'- 
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It is evident also tliat 



eiu^: 



CO3 0= 



d» 



(2) 



It may be noticed that these 
relations (1) and (2) are cor- 
rectly represented by s rl^t 
triangle, whose hypothenuse is 
da, sides dx and dy, and angle 
at the bam ^ 







d» = ^{dxy-^{dyy, 



l=>R 



my 



156. Detlrative of an Arc. Polar Coordinates. From the figure a. 
Art. 153, we hare, as Ad approaches zero, 



sec 1^ = Lim sec PQii = Lim ^ = Lim 



m 



RQ 



see ^ = Lim 



As 



BQ *; dT 



is drdS V \de)' 



m 

(2) 
(3) 
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It may be noticed that these relations (1), (2), and (3), are cor- 
rectly represented by a right triangle, whose hypothenuse is da, sides 
dr and rdff, and angle between dr and ds, ifi. 




ds=V{dry + (rd$y, 



andthence ^ = Ji + ^f^V or ^^J^ + f^X. 
dr \ ^ \drj' d$ > W 



CHAPTER XVI 



DIRECTION OF CURVATTTSE. POINTS OF INFLEXION 

157. Concave Upwards or Downwards. A cuive is said to be con- 
cave wpioards at a point P, when in the immediate neighborhood of 
P it lies wholly above the tangent at P, as in the first figure below. 
Similarly, it is said to be concave dovmuiards, when in the immediate 
neigliborhood of P it lies wholly below the tangent at P, as in the 
second figure below. 

It will now be shown that when the equation of the curve is in 
rectangular codrdinates, the curve is a 
according as -^ is positive or negative. 




^>0,thati8, — /'^"\>0; in otho- words, the derivative 
cbf dxydx/ 

of the slope is positive. 

Then by Art. 21 the dope increates as x increases. 
This case is illustrated in the first' figure above, where the elope 
evidently increases as we pass from P, to Pg. The curve is then con- 
cave upwards. 

But if ^ < 0, it follows that the slope decreases as x increases. 
189 
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We then have the case of the second figrtra, where the slope de- 
createa aa we pass £rom P^ to P^. The carve is then toncave down- 
v>ard». 



156. A Polst of Inflexkm is a point P where ^ changes sigD, 

the carve being concave apwards on one Bide of this point, and coit 

cave downwards on the other. 

This can occar, provided -^ and 

^ are continuoas, only when 
cur 

%-•>■ • • • « 

But if -^ and -^ are infinite, we 
dx ds? 
may have a point of inflexion 

when ^ = »• 

da? 




It is evident that the tangent at a point of inflexion crosses the 
curve at that point. 



For exjunple, find the point of inflexion of the curve 
2y = 2 — 8a; + 6a!' — a?. 



g = 3(2-.). 



Putting this equal to zero, we have for the required point of in- 
flexion, iB=2. Ifa!<2,^,>0;andifa;>2,^,<0. 

Henoe the curve is concave upwards on the left, and concave down- 
wards on the right, of the point of inflexion. 
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EXAMPLES 
Find the points of inflexion and the direction of cuivatuie of the 
five following curves: 

1. y=(!r*-l)'. 



cave upwards elsewhere. 



3. y = a--16a!» + 42ai'-28iE. 

Ans. x = l and z = 7 ; concave downwards between these points, 
concave upwards elsewhere. 



S. a*r/ = xix-ay + a*x. 



5' 
cave upwards on the right 



Ana. ( ± -^, -^] ; concave downwards between these points, 
concave upwards outside of them. 



Jn». /'-3a, -^\ (0,0), fsa, ^\ concave upwards on the 

left of first point, downwards between first and second, 
upwards between second and third, and downwards on the 
right of third point. 
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Find the points of inflezioa of the following ourres: 

7. y= , "^ ■ Ans. x = -2a. 

{x-ay 

8. y = (sc* + x) e~*. jiiw, a; = and at = 3. 

», !,=,--.-. A.. «_2flasz^. 

10. (■?)■ + (1)' = ! (Art. 133). An,. x=±JL. 

11. oy-oW-ai' (Art.134). .an«. « - ± 2 VzrZsvffi. 



CHAPTER XVII 
CURVATURE. RADIUS OF CURVATURE. EVOLUTE AND 

nrvoiuTE 

159- Cnrvatnre. If a, point moveB in a straight line, the direc- 
tion of its motion is the same at every point of its conrBe, but if its 
path is a curved line, there is a continual change of direction as it 
moves along the curve. This change of direction la called curvature. 

We have aeen in the preceding chapter that the sign of the second 
derivative shows which way the curve bends. We shall now find 
that the first and second derivatives give an exact measure of the 
curvature. 

The direction at any point being the same as that of the tangent 
at that point, the curvature may be measured by comparing the 
linear motion of the point with the simultaneous angular motion of 
the tangent. 

160. Uniform Curvature. The curvature ia uniform when, as the 
point moves over equal arcs, the tangent turns through equal angles. 
The only curve of uniform curvature is the circle. Here the meas- 
ure of curvature is the ratio between the angle described by the tan- 
gent and the arc described by the point of contact. In other words, 
it is the angle described by the tangent while the point describes a vnU 
of arc. 

Suppose the point Pto move in the circle AQ. 

Let 8 denote its distance AP from some initial position A, and 
if, the angle PTX made by the tangent PT with OX. 

Then as the point moves from P to Q, a is increased by PQ=^, 
and <^ by the angle QBK= 4^. 

As the point describes the arc As, the tangent turns through the 
angle 4«. 
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The curvature, being uni- 
form, is then equal to — 2- 

If we draw the radii CP, 
CQ, and let r denot« the 
radius, theu 

angle PCQ = QBK= 4^. 

But 

3XC PQ=CF (angle PCQ); 
that is, 




Hence the curvature of a circle is the reciprocal of its radius. 
For example, suppose the radius of a circle to be 50 feet. 



Then its oiirvatuie is 



Aa SO' 



where &0 is in circular measure, and As in feet. 
In other words, for every foot of arc, the change of direction is 



- in circular measure = 1" 8' 46" 



161. Variable Curvature. For all curves except the circle the 
curvature varies as we move along the curve. In moving over the 
arc As, — ^ is the mean curvature throughout the arc. The curva- 
ture at the beginning of this arc is more nearly equal to -^ the 
shorter we take As. 

Henoe the curvature at any point of a curve is equal to 
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163. ClKie of CiuTatnre. A circle tangent to a curve at &aj pointy 
having its conoarity turned in the same direction, and having the 
same ouFvature as tliat of the curve at that point, is called the cirde 
of curvature; its radius, the nidfiM of curvature; and its centre, the 
centre of curvature. 

The figure shows the circle of curvature MPN toi the point P of the 
ellipse. C is the centre of curvature, and CP the radius of curvature. 

It is to be noticed 
that the circle of curv- 
ature crosses the curve 
at P. This can be 
eaailf proved. 

At P the circle and 
ellipse have the same 
curvature, but as we 
go towards Pi, the 
curvature of the ellipse 
increases, while that of 
the circle continues the same. 

Hence on the right of P the circle is outside of the ellipse. 

Moving from i^to Pj, the curvature of the ellipse decreases, and 
therefore on the left of P the circle is inside of the ellipae. 

So in general tlie circle of curvcUure crosses the curoe at the point of 
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The only exceptions to this rule are at points of maximum and 

minimum curvature, as the vertices A and B of the ellipse. 

As we move from A along the curve in either direction, the curva- 
ture of the ellipse decreases; hence the circle of curvature at A lies 
entirely within the ellipse. 

Similarly it appears that the circle of curvature at B lies entirely 
without the ellipse. 



163. Radius of Curvature. The curvature of the circle of cnrva^ 
ture being that of the given curve, ia equal to -2 (Art. 161). If we 

denote the radius of curvature by p, then by Art. 160, 

da ,.-. 

"^di ^' 

da 

To obtain p in terms of x and y, we may write (1), p = — = — - ■ 

d^ o^ 
dx 

F™„(l)Art.l55, |-Vl + (|J- 

ax \<»/ 



Differentiating, ^ = — ^1-, m 

^ l + f^Y 
\dxj 



tM 



s 



(S) 
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It ie to be noticed that p is always to be considered positive ; that 

3 

ta, the sign of fl + ('^Y 1 is taken the same as that of ^. 
B; interchanging x and y, we hare 






irhioh is sometimes the more convenient expression. 

As an example, find the radius of curvature of the semicubioal 
parabola af^a? (Art. 130). 

Differentiating, ^ = 3^, ^= ^ . 
^ 2 a* ^^ A.(<u.\^ 



4(aa:)* 



Substituting in (3), we find 



_ g^(4 g + 9 ic)^ 



164. Radius of Curvature In PoUr Coordinates. Besumu^; (1), 



Wemay writa ^ = ^ = 22. 



Fr„„(3),Art.l66, % = yf^- 
From (2), Art. 162, 
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From (1), Art. 1B2, 



DiSerentUtii^, 



Subatitatin^ 









(1? 



EXAMPLES 
Find the ladius of curvature of the following cuTres i 

1. y=:(x-iy(x-2), at {1, 0) and {2, 0). Ana. p = ^3.ud -^ 

2. y = logx, whena; = }. Ane. p = 2^\. 

3. The cubical parabola (Art. 130), ah/ = 3?. Ana. p = ^"'t^J^ . 

4. The parabola, f = Aax. Ana. p = ^(''+") . 

a* 
Find the point of the parabola where p = 5ia, Atis. x = Sa. 

5 The equilateral hyperbola, 2xy=!a\ Ana. p = ^ — ' ti 
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.6. The ellipse, ^ + 1^1. Ans.p = (<^ + ^'^*. 

"What are the values of p at the extremities of the axes ? 

Ans. — and — . 
a b 

7. Show that the radius of curvature of the carve, 

iu" + 1/*+ 10a: — 4y + 20=0is constant, and equal to 3. 

Find the radius of curvature of the following curves : 

8. y+log(l-30 = 0. ^.p = _^±^'. 

9. sinyse-. Ana.p^e-'. 

10. The catenary(Art.l28),i/ = "(ei + e"«). Ana. p = ^. 

11. Thehypoeycloid(Art. 132),x"+(/S = a'. Ans. p = 3(axy)i- 

12. The curve ay = aV-a!' (Art. 133), at the pointo (0, 0) and 
(a, 0). Arts, p = s ^^^ p = a. 

13. The cycloid, » = «(*- ein 4,), y = a(l- cob <f>) (Art 284). 

Ans. p = 4aain s 

14. Show that the radius of curvature of the logaiithmic spiral 
(Art. 138), r=e**, is proportional to r, P = »'Vl + a'- 

15. Show that the radius of curvature of the curve (Art, 135), 

r = o sin fl + 6 oos S, is constant. f~o "^<** + ^'- 

16. The spiral of Archimedes (Art. 136), r-soe. , 
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17. The cardioid {Art. 141), r=a(l — costf). Ana. p' = |ar. 

Ana. p=-osin'-. 



20. The lemniscate (Art. 143), H = a' cos 2 ft Ana. p = ^' 

165. Codrdinatea of the Centre of Curvature. Let x, y he the co 

otdinates of P, any poiat of the curve AB, and C the correspondii^ 
centre of curvature. CP is 
then the radius of curvature, 
and is normal to the curve. 
Draw also the tangent PT. 
Then CP=p; 
angle PCR = PTX= ^. 
Let a, j8, be the codrdinatea 
ofO. OL=OM-RP, 
LC=MP+BC; 
that is, a =x — p sin ^, 

;8 = y + pcos*. (1) '^ 
To express a and p in tenns of x and y, 
and (1), (2), Art. 163, 

^l^^_dady_dy _dydx _ dx\_ \dx} } 
'^ d<t,da d4 dxd,^ d^ ' 




have, by (2), Art. 16ft 



1+1 






j)„ > p — y-t ,, 



(25 
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166. Evolate and Involute. Every point of a curve AB has a 
eortespoadiDg centre of curvature. Thus, Pi, Pj, P^ etc, have for 
their respective centres of 
curvature C„ Cj, C^ etc. The 
curve HK, which is the locus 
of the centres of curvature, is 
called the evolute of AB. To 
express the inverse relation, 
AB is called the involute 
of ifff: 

167. To find the Equation 
of the Evolute of a Given Curve 
By (2), Art. 166, « and ft the " 

co5Tdinate3 of any point of the required evolute, may be expressed 
in terms of x and y, the coftrdinatea of any point of the given curve. 
These two equations, together with that of the given curve, furnish 
three equations between a, 0, x, . 
and y, from which, if x and y are 
eliminated, we obtain a relation 
between a and ff, which is the 
equation of the required evolute. 

For example, find the equation 
of the evolute of the parabola 

Here ^-J.-t, 
dx 

d^ 2 
Substituting in (2), Art 166, we 
have 

ft = 3x + 2a. 
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Eliminating x, we hare foi the equation of the erolut^ 



This ourre ib the semicubical parabola (Art 130). The figure 
shows its form and pOBition. F is the focua of the given parabola. 

As aaother example, let us find the equation of the evolute of the 
ellipse, ^ ^^ 



-i + 



= 1. 



6* 

dx ahf' da? ay 
Substitutiiig in (2), Art 166, 



(Art. 66) 




To eliminate x and y be- 
tween theae equations and 
that of the ellipse, we find 

af_ aec r^ 6j8 

'-6*' 6»~ a'-&*' 

a' 1^ (a'-6')* 
giving, for the equation <rf 
the e volute, 

(a«)* + (6j8)*=(a'-60i 

The evolute is EFE'FE. 
E is centre of curvature 
for A; OtorP; FfovB; 
E'for^'; FtorB'. 

In the figure F and F 
are outside the ellipse, 
but if Hie ecoentricit; 
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ia decreased, bo that a<&V5, these points fall within the 
ellipse. 

168. Piopertles of the Involute and Evolute. Let ns letum to the 
equations, (1), Art. 166, 







P = l 


B-pein^, 








Differentiating with respect 1 


■xya, 










da. 


dx 

da' 


-s-*- 


-pC 




■ (1) 




ds 


da 


.l».,- 


-,.ia*g. . 


■ ■ (2) 


Substituting in (1), p = 
cancel each other, giving 


ds 
d.f> 


and COS ^ = 




(Art. 165), 


two terms 






da 
ds' 


= — ^sin^ 






• (8) 


Similar]; In (2), 


p- 


ds 
'di, 

^.. 
da 


and sin ^ = 


a. 


(Art. IBS), 


giving 
■ • (4) 


Dividing (4) by (3), 




da 


tancfc 






• • (6) 



But -^ is the slope of the tangent to the evolute at any point d, 
(see fig., Art, 166), and tan tfi the slope of the tangent to the involute 
at the corresponding point Pj. Since by (6) one is minus the recip- 
rocal of the other, these tangents are perpendicular to each other. 
In other words, a tangent to the evolute at any point Ci is CjPi, tlie 
normal to the involute at P|. 
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169- Again, from (3) and (4), Art. 168, 

(S)'-(f)'KI)'"'(^)'=(S> 

where e* denotes the length of the arc of the evolute 
a fixed point. Hence, 



Hence, »'±p = a constant, (1) 

since, it a derivative is always zero, the function can neither inereue 
nor decrease, bnt is constant. 
It follows from (1) that 

a («' ± p) = 0, As' = ± Ap. 

That is, the difference between any two radii of curvature PjCi 
PtCt, is equal to the corteaponding included arc of the evolute CiCg 

170. From the two properties of Arts. 168 and 169, it follows that 
the involute AB may be described by the end of a string unwound 
from the evolute HK. From this property the word evoltUe is 
derived. 

It will be noticed that a curve has only one evolute, but an infinite 
number of involut«s, as may be seen by varying the length of the 
strii^ which is unwound. 

EXAMPLES 
1. Find the coordinates of the centre of curvature of the ouhical 
c-&ic" „_. a^ + 15a!* 
2 a* ' '^ 6a*aj 

S. Find the cofirdinates of centre of curvature of the semioubical 
parabola (Art. 130), af =. af. 
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3. Find the coordinates of the centre ot curvature of the catenary 

Am. a = x-^(e'-e •), j3 = 2y. 

4. Show that in the parabola (Art. 129), xi + y^ = a*, we have the 
relation a + fi = 3(_x + !i). 

5. Find the coordinates ot the centre of curvature, and the equa- 
tion of the evolute, of the hypoeyeloid (Art 132), x" + y' = «^. 

Ans. asx+Sxiyi, ^ = y + Zx^y\ 

6. Given the eqnation of the equilateral hyperbola 2 a^ s a\ 
diowthat „+^ = ^^^', a-0=<l^. 

Thence derive the equation of the evolute, 
(o+«'-(»-ftl=2a!. 

7. Find the equation of the evolute of the cissoid (Art. 126), 

fm,^-^. Am. 4096a'o + 1152a'y3'+27|8*-0i 



CHAPTER XVIir 

ORDER OF CONTACT. OSCDLATIKO CIRCLE 

171. Order of Contact Let na consider two curves vhose equa 
tions are 

S = 't>{x) and y = ip(x). 

If for a definite value a,otx, the value of y is the same for both 
ourves, that is, if 

*(«)=*(<■). 

the cuTTes have a common 
point P. 
If, moreover, for x = a, the 




value of -2 also is the same for 

dx 
both curves, that is, if 

^(a)=^((») and ^'(a) = ^'(a), 

the curves have a common tangent at P. 
The curves are then said to have a contact of thefirat order. 

If besides, for ic = a, the values of ^ are the same for both 
curves, that is, if 



dx' 



*(a)=^(a), 0'(a) = f(a), and *"(«)= ^"(a), 

the curves have contact of the second order. 

In general, the conditions for a contact of the nth order at the 
point x = a, are 

*(«) = '^(«). i>'(a)=i>'(a). ^"(«) = ^"(a), -, ^■(a) = f(o), 
and i,'*'(a)^f"-'{a}. 
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In other words, tor x = a, 

V, ^, ^, ..., ^, 

"' dx' da*' ' dar 

must all have tlie same yalues, respectively, taken from the equations 
of both curves : and — — ^ must have different values. 

172. Wbm the Order of Contact is Even, the Curvei crosi at the Point 
of Contact ; Init when tbe Order ia Odd, they do not croaa. Let us dis- 
tinguish the ordinates of the two curvfls by 

T=^(_x), and y = <l,(x). 

In the figures I' refers to the full curve, and y to the dotted curve. 

If Y—y faas the same sign on both sides of P, as in the first 
figure, the curves do not cross at P; but if T—y is positive on one 
aide of P and negative on the other, the curves do cross at P. 

Let 0M= a, MM^ = h. 

Then -PiQi= T-y = ^{a + h) - ^(a +A). 




Ml X 
Expanding by Taylor's Theorem, 







p 


^ 


- 


y 


X- 


i3, 




Q 


p. 










'. 




, 


i 



.+(a) + »*'Ca)+|*"(o) + |*'"(a) + " 



(1) 
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Suppose the contact of the first order ; then 

^(a) = ^{a), <^'(a) = ^'(«)) ^^ (1) becomes 

i'i«i=|[*"(a)-f'(«)] + |[*"'(o)-f"(«)] + "- • (2) 

For sufficiently small values of A the sign of the lowest power de- 
termines that of the second member, and hence the sign of PiQi will 
remain unchanged when —hia substituted for h, giving P^Qt, as in 
the first figure. 

Thus when the contact is of the first order, the curves do not cross 
at the point of contact. 

Again, suppose the contact of the second order ; then 

ift"(a) =: ^"{a), and (2) becomes 

i',e.-|[*"'(<')-f"w]+|^[*'-(«)-«'»]+-- 

Now PiQi will change sign with h, so that AQt a^d PiQi will have 
difieient signs, as in the second figure. 

Thus when the contact is of the second order, the curves cross at 
the point of contact. 

By similar reasoning the general proposition is established. 

It may be of service to the student, in connection with this prin- 
ciple, to think of two curves as having two consecutive common 
points, when they have contact of the first order; as having three 
consecutive common points, when they have contact of the second 
order ; as having n + 1 consecutive common points, when they have 
contact of the nth order. 

An odd number of commoa points implies the crossing of the 
curves, but where there is an even number of common points, the 
curves do not cross. 

173. Osculating Curves, Contact of the nth order requires that y 
and its first n derivatives should, for soma definite value of x, have 
the same values for both curves. 

This implies n + 1 conditions. 
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The equation of the straight line, y = ax + b, having only two 
arbitrary constantB, caa satisfy only two of these conditions. Hence 
a straight line can have contact of the hrst order with a given curve, 
and cannot, in general, have contact of a higher order. 

The equation of the circle x' + y^ + ax + bjf + B = 0, having three 
arbitrary constants, can satisfy three of the conditions. Hence the 
circle may have contact of the second order with a given curve. 
Such a circle is called the oacvlating cirde. 

Similarly, the parabola, whose equation contains four constants, 
may have contact of the third order; and the general conic, whose 
equation contains five constants, may have contact of the fourth 
order with a given curve. These are called the osculaiing parabola 
and the osculating conic. 

174. Order of Contact at Exceptional Points. Although the tangent 
has generally contact of the first order, it may at exceptional points 
of a curve have a contact of a higher order. 

For example, since the tangent at a point of inflexion crosses the 
curve, it follows from Art 172, that the order of contact must he 
even. Hence at a point of inflexion the tangent has contact of it 
least the second order. 

The osculating circle, which has generally contact of the second 
order, has a. higher order of contact at points of maximum or mini- 
mum curvature, as, for example, the vertices of an ellipse. It is 
evident from the symmetry of the ellipse with reference to its ver- 
tices, that no circle tangent at these points would cross the curve at 
the point of contact. Hence, by Art. 172, the order of contact la 
odd, — at least the third. 

175. To Find the Coordinates of the Centre, and Radius, of tite Oscu- 
lating Circle at Any Point of a Given Curve. 

Let the equation of the given curve be 

The general equation of a circle with centre (a, b) and radius r, is 
(i. -<•)■+(!,- 6)'= r> (1) 
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Diflenntd&tiDg twice saccessiTely, we have 

«-a + a,-Ii)|-0, (2) 

Fiom(3), s-b ^ (4) 






From (2), »-a- I- X ■ ' C^J 



Substituting (4) and (6) in (1), 



wr '" 






=MI. 



•^ '=^-g^ (») 
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Id tbeae expressioiiB, x, y,^, —, refer to (1), the equation of the 
ax axr 

circle ; but since the osculating circle by definition has contact of the 

second order with the given curve, these quantities will have the 

same values if derived from the equation of this curve y=f(x), and 

applied to the point of contact. 

By comparing (7) and (8) with the exprrasions for a, p, and p, in 

Arts. 163, 166, it is evident that the osculating circle is the same as 

the circle of curvature. 

176. At a Point of Maximum or Hlnimom Curvature, the Oscolatinc 
Circle has Contact of the Third Order. 

If we regard equation (8) In the preceding article as referring to 
the given curve y =f(x), we have as a condition for a maximum or 
minimum value of r, 

dx 
Wfl thus obtain from (8), 






d^ _ dx\darj 



Again, if we regard (8) as referring to the osculating circle 
(a)-o)*+(y-d)*=r'. 

we shall also have — = 0, 

dx 

since r is constant for all points on the circle. 
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Thus we obtain, both for the curve and the ciiole, the same ei 

piession (1) for ^, and since -^ and — in the second member of 

daf dx dor 

(1) have, at the point of contact, the same values for both curres, it 

follows that -4 has likewise the same value. Hence the contact ia 

dar 
of the third order. 

EXAMPLES 
1. Find the order of contact of the two curves, 
y = i>?, and y = 3a!'-3a)+l. 

By combining the two equations, the point x = l, y = l, ia found 
to be common to both curves. 

Differentiating the two given equations, 



!I = A 




j = 3»?-3i + l. 


(to 




"!=''-'■ 


S = - 




S-. 


S-. 




S-»- 


a! = l, 


in. 


= 3, in both curves ; 



when a; = l, -^ = 6, in both curvet; 

dar 

but -i-2 has different values in the two curves. 
da? 

Henoe the contact is of the second order. 

2. Find the order of contact of the parabola, 4y=a^, and ths 
straight line, y = x—l. Ant. First order. 
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3. Find the order of contact of 

9y = ar'-3aJ + 27, and 9y + 3ir = 28. 

Ana. Second order 

4. Find the order of contact of the cnrves 

y = Iog(!c — 1), and 3?-6x + 2y + S = 0, 
at the common point (2, 0). Ans. Second order. 

5.' Find the order of contact of the parabola, iy = Q^—i, and the 
circle, as' + y' — 2y = 3. Ana. Third order. 

6. What must be the value of a, in order that the parabola, 

y = x + l + a(x-iy, 
may have contact of the second order with the hyperbola, 

a^ = 3 a! — 1 ? Ana. a= ~ 1. 

7. Find the order of contact of the parabola, 

{x-2ay+(s~2ay = 2xy, 
uid the hyperbola, xy = a*. Ana. Third order. 



CHAPTER XIX 
ENTEIXIPES 

177. S«ilw of Cnim. When, in the equation of a curve, different 
values aie assigned to one of its constants, the resulting equations 
represent a series of curves, differing in position, but all of the same 
kind or family. 

For example, if we give different values to a in the equation of 
the parabola ^ = 4 ox, we obtain a series of parabolas, all having a 
common vertex and axis, but different focal distances. 

Again, take the equation of the circle (x~a)*+(y — 6)' = c*. By 
giving different values to a, we have a series of equal circles whose 
centres are on the line p^b. 

The quantity a which remains constant for any one curve of the 
series, but varies as we pass from one curve to another, is called the 
parameter of the series. ' 

Sometimes two parameters are supposed to vary simultaneously, 
so as to satisfy a given relation between them. 

Thus, in the equation of the circle (« — a)' + (y — 6)* = (?, we may 
suppose a and b to vary, subject to the condition, 

a* + d' = Jfc». 

We then have a series of equal circles, whiwe centres are on 
another circle described about the origin with radius k. 

178. D^nltion of Envelupe. The intersection of any two curves 
of a series will approach a certain limit, as the two curves approach 
coincidence. Kow, if we suppose the parameter to vary by infinitesi- 
tnai increments, the locus of the ultimate intersections of consecutive 
curves is called the envelope of the series. 
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179. The Envelope of a Series of Cnrres is Tangent to Brery Chits of 
tbe Series. 




Suppose L, M, N U> hs any three curves of the series. P is the 
intersection of M with tbe preceding curve L, and Q its intersection 
with tbe following curve N. 

As the curves approach coincidence, P and Q will ultimately be 
two consecutive points of the envelope and of the curve M, Hence 
the envelope touches AT. 

Similarly, it may be shown that the envelope touches any oth'^r 
curve of the series. 



180. To And the Equation of the Envdope of a Given Series of Corves. 

Before considering the general problem let us take the following 
special example. 

Bequired the envelope of the series 
of straight lines represented by 

a being the variable parameter. 

Let the equations of any two of 
these lines be 

y = a^ + ^,. . . 

and y = (a + h)x + -^-r. 

From (1) and (2) as simultaneous 
equations, we can find the intersec- 
tion of the two lines. Subtracting (i) from (2), 
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o(a + 4) 





















From 


(3) 


asd 


(1). 


wshave 










«= 


o(o + J)' " 


(2o + ft)m 



(3) 



(*) 



which are the coordinates of the intersection, 

Now if we suppose h to approach zero in (4), we have for the ulti- 
mate intersection of consecutive lines 



3j eliminating a between these equations we have 

^ = imx, 

which, being independent of a, is the equation of the locus of the in- 
tersection of any two consecutive lines, that is, the equation of the 
required envelope. 

The figure shows the straight lines, and the envelope, which is a 
parabola. 

181. We will now give the general solution. 
Let the given equation be 

f{x,y,a) = 0, 

which, by varying the parameter o, represents the series of eurves. 

To find the intersection of any two curves of the series, we com- 
bine 

f(cD,y,a) = 0, . (1) 

iBi /(»,y,a + A)=0. (2) 
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From (1) and (2), we have 



h)-f(^,y,a) ^Q^_ 



h 

and it is evident that the intersection may be found by combining 
(1) and (3), instead of (1) and {2). 

When the two curves approach coincidence, h approaches zero, 
and we have, by Art. 16, for the limit of equation (3), 

A/(^,j,a)=0 (4) 

Thus equations (1) and (4) determine the intersection of two con- 
secutive curves. By eliminating a between (1) and (4) we shall 
obtain the equation of the locus of these ultimate intersections, 
which is the equation of the envelope. 

182. Applying this method to the preceding example, 

a 
we differentiate with respect to a, and obtain for (4) Art. 181, 

o=«-™. 



Eliminating a between these equations gives the equation of the 
envelope, 

^ = 4 mx, as found in Art. 180. 

183. The Evolnte of a Oiven Curve is the Envelope of Its Normals. 

This is indicated by the figure of Art. 166, and the proposition 
may be proved by the method of Art 181, as follows : 
The general equation of the normal at the point {x', y') is by 

(3),Art.l48, -e_a;' + |^(y-j,')=0, (1) 
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in vhich the variable parameter is z', the quantities y', ~^, being 
^lactions of x', XhSerentiating (1) with reapeet to x', we have 

From (1) and (2) we find for the intersection of conBeeutiTe 
normals, 

»™¥ H g , . 









As these ezpresaions are identical with the coordinates of the 
centre of curvature in Art. 165, it follows that the envelope of the 
normals coincides with the evolute. 

EXAMPLES 
1. Find the envelope of the series of straight lines represented by 
y = 27RX + m,*, m being the variable parameter. 
Differentiating the given equation with reference to m, 

(} = 2x + imK 
Eliminating m between the two equations, we have for the envelope, 
16y' + 273!' = 0. 

3. Find the envelope of the series of parabolas 

y' = a(x — a), a being the variable parameter. Ana. i^ = a^. 

3. Find the envelope of a series of circles whose centres are on 
the axis of X, and radii proportional to (m times) their distance 
from the origin. Aiia. y* = 7n'(a!*+y*). 
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4. Find the evolnte of the parabola 't^ = iax accordiog to Art 
183, taking the equation of the normal in the fonu 

y = m{x — 2a) — am^. Ans. 27ay» = 4 (a — 2 o)'. 

5. Find the evolute of the ellipse —+^=1, taking the equation 
of the normal in the form " 

hyssox tan ^ — ((^ — 6*) sin ^ 

where ^ is the eccentric angle. 

Ant. (aa!)* + (6y)* = (a'-6^'. 

6. Find the envelope of the straight lines represented by 

a; cos 3 + jr sin 3 = a(cos 2 ^)S, 
9 \yei\D% the variable parameter. 

Ana. (!!? + y*)'=a'(ii!' — y*), the lemniscat*. 

7. Find the envelope of 1^ series of ellipses, whose axes coincide 
and whose area is oonstant. 

The equation of the ellipses is 

^+|!=i (1) 

a and h being yariable parameters, subject to the condition 

ab = ¥, (2) 

calling the constant area irl^. 

Sabstituting in (1) the value of b from (2), 

S+f => <") 

in which a is the only variable parameter. Differentiating (3) with 
respect to a, we have 

-f -^=»- <^' 

Eliminating a between (3) and (4), we have 
4a!y = ft'. 
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Second S<^uti(m. DifEerentiate (1), regarding both a and b aa 
variable, 

^^ + 1^ = (5) 



Differentiating (2) also, we have 

bda + adb = (6) 



From (5) and (6), we have 

^ = 1 (7) 

From (7) and (1), 

^ = ^ = 1 (8) 



Substituting (8) in (2), 

8. Find the envelope of the circles whose diameters are the double 

ordinates of the parabola y" = 4 cue. Ana. y* = 4 a (a + x). 

9. Find the envelope of the straight lines 5 + ^=1, 

when a" + 6" = fc". _^ _^ _2_ 

Ans. ar+' + 3^+1 = fc^*. 

10. Find the envelope of the ellipses -^ + ^T = l, 

when a + b = k. Ana. x* + y' = k'. 

11. Find the envelope of the circles passing through the origin, 
whose centres are on the parabola jf = iax. 

Am. (x + 2a}f + !^ = i). 
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12. Find the envelope of circles described on the central radii of 
an ellipse as diameters, the equation of the ellipse being 

^ + ^=1. Ans. (a!' + y»)' = o^ + 6y. 

13. Find the envelope of the ellipses whose axes coincide, and 
such that the distance between the extremities of the major and 
minoi axes is constant and equal to k. 

Ane. X square whose sides are (a: ± y)' = ft". 
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CHAPTER XX 
INTEORATIOH. STAHDAKD FORKS 

184. Definition of Integration. The operation ioverse to di£Ee^ 
entiation ia called itUegrcUion. By differentiation we find the dif- 
ferential of a given function, and by integration we find the function 
corresponding to a given differential. This function is called the 
integral of the differential. 

For instance, 
since 2xda; is the differential of z*, 

therefore aj* is the integral of 2xiix. 

The symbol | is uaed to denote the integral of the expression 
following it. 
Thus the foregoing relations would be written, 



d(!>^)=2xdx, C2xdx=!^. 



It is evidently the same thing, whether we consider this int^ral 
aa the function whose differential is 2xdx, or the function whose 
derivative is 2a!. 

As regards notation, however, it is customary to write 

Czxdx = 3?, and not C2x = a?. 



/- 
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In other wcodB, 

/is the iiiTerse of d, and not of — 
dx 

Thus the gceneral definition of | <^x)da is that fuDCdon vhose 
differential is ^(x)dx; the symbol | denotii^ "the function vhose 
differential is," in the same way that the inverse symbol, taii~', 
denotes "the angle whose tangent is." 

Integration is not like differentiation a direct operation, but con- 
sists in Tecognizing the given expression as the differential of a 
known function, or in reducing it to a form where such recognition 
is possible. 

IBS. Elementary Principle*. 

(a) It is evident that we may write 

C2xdx = x' + 2,oTC2xdx = 3^~B, 

as well as l2x<ix = a?; 

since the diffei-ential of u^ + 2, as well as of t^ — 5 is 2a;(2x. 

In general i2xdie = x' + 0, 

where C denotes an arbitrary constant called the constant of integra- 
tion. 

Every integral in its most general form includes this term, 
+ C. 

(b) Since d(ii ±v±w) = du±dv± dw, 

it follows that 

C(du ±dv ± dw) = Cdu ± Cdv ± Cdw. 
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That 19, we integrate a polynomial by integrating the separate 
terms, and retaining the signs. 

(c) Since d(aii) = aiiu, 

it follows that i adu = a Idu. 

That is, a constant factor may be transferred from one side of the 
symbol I to the other, without affecting the integral. 

186. Fimdamental Integrala. Since integration is the inverse of 

differentiation, to integrate any given function we must reduce it to 
one or more of the differentials of the elementary functions, ex- 
pressed by the fundamental formulte of the Differential Calculus, 
Corresponding to these formulae we may write a list of integrals, 
which may he regarded as fundamental, and to which all integrals 
should, if possible, be ultimately reduced. We shall theu consider 
in this chapter such examples as are integ'rable by these formulfe^ 
either directly, or after some simple transformation. 



'du = 



I. /„. 

II. r^=iogM. 

HI. fa'du=-^- 
J logo 

IV. Ce'd^ = e. 
V. j cos v.dux= sin «. 
VI. r sin w du = — cos ». 
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VII. I sec'udustanu. 

VIII. I cosec' M dw = — cot «. 

IX. I sec w tan udu = sec it. 

X. I cosec « cot « du = — cosec «. 

XI. j tan u du =E log sec u. 

XII. [ cot udn^ log sin u. 

XIII. rsec udu = log (sec m + tan m) = log tan ( j + ^ )■ 

XIV. (coBec udi^= log (cosec m — cot m) = log tan H . 

XV. r-J*L_ ltai-'!!,op Icot-!;. 

J w' + o" a a a a 

XVI. r-*L_ = J-log^:^,or = J-log«:z».* 
J «'-o* 2a M + o 2a a + « 

XVII. f - . '^" = Bin-'".or=-co8-^-' 
J Va'-u* *> *» 

XVIII. f—gH— = log (« + Vi^±^.* 

XIX. r "■ =ii«,-'H.„, — ico^-.«. 

.^ uVm'— o' a a a o 

XX f "" = ,e,r-g. 
■ Foi XVI. ftad XVin. expressed as inretM hyperbollo fuuotloiu, we Art. SSL 
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INTEGRALS BY I AND IL 

187. Proof of I. and II. 

To derive I., 
since d(«"+') = (n + !)«" du, 

therefore 

«•*» = f(n + 1)«- dit==(n + 1) r«" du, by (c), Art 186. 

Hence fu" du = — — • 

J n + 1 

Formula IL follows directly from 

It is to be noticed that I. applies to all values of n except n= —1 
Pot this value it gives 

/";'""-?='"■ 

Formula IL provides for this failing case of L 

EXAMPLES 
Integrate the following expressions : 



,./«s 



If we apply L, oalliog v. = x, and n^i; thendu=dic Then 
we have 

I iMx = —+ C, adding the constant of integration C, according t» 
(a), Art. 186. 
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2. C(3!'+l)hda!. 

If we apply I., calling m = ie" + 1, and n=-; then du =2 xdx. 

We must then introduce a factor 2 before the xdx, and cons& 
quently its reciprocal - on the left of | 

C(x' + l)Kdx=^C(x*+l)hxdx, by (c), Art. 185. 

2 3 8 



3 f (!B'-fl')<fa' _l A3a;'-3a*)(to 
■ J a!»-3a^ 3J (r'-So^a! 

= |log (ic» - 3 «•«) = log (x" - 3 a*r)* + <7. 

By introducing the factor 3, we make the numerator the differ 
ential of the denominator, and then apply II. 



4. f(2s?-3 3fi+12s?-3)dx 



3xi 



. ^ + 3x*^3x+0. 



6. f(:^-2)W<if^'-?^ + 2«"-2«'+0. 

7. r(i--2)"iil>-!^=^+0. 
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»/ ar* 7 4 

fCoa^+S)'*!*!!. 16. ^(OI + S)"*! 

.7. Ao^ + &)"«' da- 18. r(aaj* + 6)'a^-»d». 

ai. J(r>-l)»g. 22. Jca+logof- 
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"■ fi^-^^Y'^ 26. /.i.V.c„..^. 

87. fi^ + am2e)i^ + QOB2ff)d$. 

28. Itan* x sec' x dx. 29. [sec'^ tan x dx. 

30. Msin-fl + co8"0) sin Scos6d6. 

31. r(8ectf 4-tanfl)»8ectf(W. 

38. C{tAn ^ + 008 ^)"(8iii* <f — cos* *)d^. 33. ("(tc + 6/ a'dx. 

M / ^in"' a; dx «- /* dx 

' ^ Vl -3? J (l+!B^tan-»a;* 

A rational fraction, whose denominator is of the first di^ree, ma? 
be integrated directly or after beit^ reduced to a mixed quantity. 
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39. r5£±^d« = ^ + ?^log(&» + a)+G 

«0. r^±^<i. = J + !^ + a^+2a'log(«-«) + C. 
•/ X — a 3 2 

41. Ci^±^dx=^ + 2cai-bx + (_a-by\oe(x + b)+a 
48. r^±^'dx = ^ + 2aar' + 7a'a! + 8a»log(a!-o)+a 

1HTEQBAL8 BT IIL AND IV. 

188- Proof of III. and 17. These are evideotly obtained direotlj 
from the corresponding formulae of differentiation. 

EXAMPLES 
J ' 4 6 log a 2 log & 



*• /^"-^-^-'^'^ 
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5. r(e^"-e"+')iir. 6. r(e*"'-coax-a™»'8in23!)(to. 

7. Cftrx + ^\dx. 8. ("{«■-* sec tf-e-°* tan «) sec #»W. 



J log(a-6') 

a'6- 2 (at)"' , fa' , p 
2 log 6 log (a6) 2 log a 



13. /(«6-_Sc->— - ■"■'■' ^W 



INTEGRALS BY V.— XIV. 

189. Proof of V. — SIT. It is evident that V. — X. are obtained 
directly from the coneapondiiig formulae of difFerentiation. 
To derive XI. and XII., 

/tan«dM = — I — = — logco8M= log sec u. 
J cosw 

fcot u du = r?2iJi^ = log sin u. 
J »/ sin M 

To derive XIII. and XIV., 
r „ rf„ _ /' BeeM(taii « + sec u)du _ |" sec m tanw dw + aec'w da 
J J aeo w + tan it J sec w + tan w 

= 1<^ (sec V. + tan«). 

roosec«d«= rcoBectt(-cot« + eosec«)d« 
J J cosecu— cotM 

= log (cosec w — cot m). 
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By Trigonometry, 

Zsin'^ 

. 1 — C08« 2 , u 

coflecw — cot«= — : = =tan-. 

»»" 2.in|co.| 2 

H we substitute in this, ^ + 1* for «, 
we have sec u + tan u = tan ( 7 + 5 )• 
Thus we obtain the second forms of XIII. and XIV. 
1. I isinitfD + cosoa: — gin-Jaic= [ — 



J \ m n / m n 

J cos" ma m 

4. I (sec5a:— taa5z)aecSzc{z. 5. | (sec 2 + tan 2 f)) d0. 
6. rfs£ + 52!!«>. 7. r(sin»-v.„«)'d«. 

8. fi?2^ifa = eos«-21og(l + oos«) + C. 
J srna: 

». riS^<b, 10. fiS^fc 

J cos* a! J sin* 10 

jj r aec^ii» = llog(otaii* + 6) + 0. 
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13. Ktanas — oota! + l)'d!B = tanii! — cotas — 3io— 21og8in2ai + C 

13. r(8ec2ai + tan2»-cot2a!)*(ii! = tan2a!+8ec2(e — |cot2ai 
—log tao x — ix + 0, 

14 I (aeo ^ 4- cosec ^ — 1V(i^ = ^ + tan^ — cot^ 

21 l±W+o. 

1 + Sin I 

The following may be integrated after tr^nometrio >tranafoniu- | 
(doD. I 

i 
16. j'co.-«4. = | + 5!^+G 

n. Cyma-xitt. 18. J'iiii'>!C08'«eli = |-S^^+C. 

J 2(m-n) 2(m + n) 

J 2(m-») 2(m + ») 

„, /* . n a ja COS (m — n)tf COS (wi + n)tf . /, 

21. I sm md cos n0 a0 s r^, f :r-i — ^^+^' 

J 2(m-n) 2 (m+n) 

22. f<!o,6icos2^<ii=H^ + E2]j+o. 
J 6 14 
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J sin^ •/ smtf 3 

27. r_^ = taii9-eeefl + G 28. f-^.. 

J 1 + sin tf '^ vers d 

jjg rLri!iH£(te=— cosecas-eotat-lcwversai + O. 
J vera as 

»/ ./ VI— sina! 

31. fV^i^^AB. 32. f-^_-^l^- = Xlogtan('| + |V*^ 

IHTEGRALS BY XV — XX. 
190. Proof of ZV.— XX. 
To derive XV., 

C du ^1 r a 1 r W _!.,»-■« 

To derire XVII., 

f-J!! r_J=_,i„-,!!. 
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To derive XIX., 



r du _l r 



i^i- 



To derive XX., 



X du _ f a 



it is evident that dtan-'"=d( — cot~'-V 
a \ aj 

Hence either expression may be used as the integral in XV. 

In the same way we obtain the second forms of XVII. and XIX, 

The formulae XVI. and XVIII. are inserted in the list of integrals, 

because their forms are similar to XV. and XVII,, respectively, with 

different signs. 

To derive XVI., 

_!_=-L('_! !_V 

v? — a? 2a\u — a u + aj 

hence 

r du ^ 1 rf du du\ 

J u*-a'^2aJ \u-a u + aJ 

= i[log(«-,)-l„g(„ + a)] = ^Io8^- 
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Or ve may integrate thus : 

J u*-o' 2aJ \a-u a + aj 



To derive XVIII,, 



therefore 
Hence 
that is, 



Vm* ± a' = z, a new Tariable. 

2tMitt = 2«iB: 

du_dz_ dy, + dz ^ 

z u u + z 

EXAMPLES 



j4»' + 9 6 3 Jli'-S 12 '2»+3^ 



3. f_^=_ = !,„,-■ 5^+0. 
.^ V4-26!B» 5 2 

4. f , '^. -ilog(8»+V25a?-4) + 0. 
-' V26i'-4 5 

5. f-_g__ = ilog(«V8+v'6?Tl) + a 
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JS-lSji" 12 ^2»-l^ 

Jlls' + S J12k)"-3 Js^-B 

I. r "' ■ "• f /^ ■ n- r '^ 

•^ V31"-2 -' V2-3a)" v" VSa^+a 

L f "^ = vers-' ^4- a 
•^ Vmas — a* *» 

JoVoV-ie 1 ■• 

•'VT«-4;«' 2 T ^ 

,5. f— _^=. = ,in-MogVS+0. 
*' iIiV4 — (logflj)' 

Jiar — 5 8 4V5 2a!+V6 



30. r ^ '"~^ diB = -3\/r^^-28in-'^4-a 
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J Va^ + 4 

22. f ^'-^ ^ = gv.'ia'-9 Llog(,V3 + V3«'-4)+a 

'^ V3a? — 9 3 .y^ 

J a' Bin' « + 6" 008" « ab b ^ 

v'l + oosV V2 V5 

•* V3coi'» + 4.m'« li 2 y 

J, r Sin2i!.i« llog(3co82.+ V9oos'2«-4)+C 

•' V6c08'2»-48iii"2» 6 "^ ^ '^ 

"• fji^ *>- 5 log («• + ") + i '«''"' ■^ + <^- 
*' tf^ + o ^ Vo va 

The same formolee may be applied to Integials involviDg 
3? + aas + b or — a^ + oaj + fr, by completing the square witt the 
termB coDtainiiig x. Thus, 

28. f ^ f ^ _!tai.-!±5 + 0. 

j!if + 6«+13 J(a! + 3)' + 4 2 2 

•' V8 + 4»-4«' -^ V9-(2ai-l)' 2 3 

30. f ''' — = -i-l(ifrai-2j-V9J-12a!-Hi;i4-0. 

J V3?=4j+2 V5 
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SI. r__4__= 2 u„-.i£^+a 

33. C-2 ,whena = 4: whena = 6: wheDa = 8, 

34. f <^ =!.i„-.t£zll + g. 

,r f die 1 , a! + 6 „ 

"■ J(x+aX:. + S) = I^s'''«iT^ + '^- 

36. f ?? .m-2'-<— t + R 

J VC«-a)(6-«) a-* 

37. f; ^."^ ^,. ? to-.ei+i±»iVl+c. 

J(i+a)'-(« + 6)' V3(a-S)' "-» 



CHAPTER XXT 

SIMPLE APPUCATIOHS OF IHTEGRATIOIT- CONSTANT OF IN-. 

TEORATION 

Before coDtinuing the integration of functions, we will consider 
the relation of integration to the determination of the area bounded 
by a given eurvdf and show how the constant of integration may be 
determined. 

191. SeriratiTe of an Area. Let y=af{x) be the equation of a given 
curve OP,. Suppose a point to move along the curve starting from 
Pai and let X, y, be the cofirdi- 
nates of any position P. 

At the same time the ordi- 
nate of the moving point 
starts from the position 
PaMa, and sweeps over or 
generates a certain area. 
When the point has moved 
to P, this area is P^M^MP. 
Denote this area by A. O ^M. M N 

^ is a function of x, and it ' 

will now be proved that its derivative with respect to x 

Give to X the increment Ax = MN. 

Then AA = PMNQ. 

A.A >yAx, and AA< {y + Ay)Aa!, 

^>y, and^<y-|-Ay. 




3 equal to y 



Hence •i^ = Lim^ii^ = 3,. 

dx ^°* Aai 

In case the curve descends from P to Q, the above ineqnalitieH 
will be reversed, hut the result will be the same. 
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192. ATuandU' Carve. Let it be required to find the area PoJU^iPi, 
between the curve, the aiia of X, aud the two ordinates P^M^ and 
P.itf,. 

Let OJH,=» a, and OJfl^ft. 



From the preceding article - 

Hence jl= Cydxss Cf(ie)dx, 

Let j'f(x)da = F(x) + Ci 



then A = F(x) + a (1) 

To determine C, we have the condition that A be^ns when x=a; 
that is, ^=0 when x = a. 

Hence = F{a) + C, C=- F(a). 

Substituting in (1), A = F{x) -F(a)= P^oMP. .... (2) 

' It IB to be noticed that C is determined by the initial value aotx, 
corresponding to the initial ordinate P^t. 
If now we let » = 6 in (2), we have 

A = F(b) - F(a) = P^MoMiPi. 
For example, let the given curve be the parabola ^=x. 
Then A=Cydx~j'xidx=.^ + a . . . (I9 

To determina <7, ^=0 when aiso. 

2a< 
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Substituting in (3), 

A^^-^-l^ = P,M^F. (4) 



To find PoM^M^P^, let x= b in (4). 
3 3 



EXAMPLES 

1. In the curve of Ex. 1, p. 34, show that P„OJf»P. = ^. 

Also J*,Jf,JfjP, = i^. 

2. Find the area included between the equilateral hyperbola 
2xy = a', the axis of X, and two ordinates x = a,x = 2a. 

Ana. a* log V^ 

3. Find the area included between the witch of Agueei (Art. 136), 
the axes of X and Y, and the ordinate x = 2a. An». waK 

4. Find the area included between the catenary (Art. 128), 
the axis of X, and the ordinates x = a,x = 2a. 



8. Find the area of one arch of y = sin x. Ana. 2, 

6. Find Uie area included between the parabola x^ + y* = a* 
(Art. 129), and the axes of X and T. Ana. ~ 

7. Find the area iucluded between the semicubioal parabola 
av* = a^ (Art. 130), the axis of T, and two absoiBsas, ^ =s 8 a, ^ = 27 a. 
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Conversely, instead of deteimiiimg the area from the integral, ire 
may find the lateral from the area, when it can Iw obtained geo- 
metrically from the figure. For example : 



I -'/a'—x' dx, by a. 



a of the curve y 




8. Find 
aboat 0, radius a. 
A=BOMP= OitP-\- BOP 

=i-xv+ -d = -a:Va* — a^+ — ain-'?- 
222 2 a 

If the initial ordinate, instead of OB, 
had been some other ordinate, we should 
have bad 

A = ?Va* — SB* + — sin-'- + C, where C is independent of x. 
Hence ^=. fyda!= rV^^^d« = |V^^^ + |*sin-"?+0'. 

9. Find Ci3 x + 2)dx, by means of the line y = 3 « + 2. 

10. Find I V2aa! — (E* dx, by means of the curve y = V2 ax — ^. 

An». /V2^l^^^cte=5^V2(W-^ + |sin-^+C. 

1S3. Other lUaatrationB. In order to further illustrate the deter 
mination of the constant of integration, we will work three examples, 
involving geometrical or physical properties. 

Ex. 1. Determine the equation of a curve through the point (4, 3), 
at every point of which the slope of the tangent is equal to the rei»p- 
rocal of twice the ordinate of the point of contact. 
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By the hypothesia 

fiom which 
lategrating, 




Thia equation represents a series of parabolas whose axes coincide 
fflth the axis of x. 

If now we impose the additional condition that the curve must 
pass through the polut (1, 3), its coordinates must satisfy equatiim 
(l),givmg 9-4 + C, 0=5. 

The equation of the particular curve is therefore 
y'^x + B. 

Ex. 2. A body starting with a given initial velocity Vg, moves 
with a constant acceleration g. Find the space passed over in any 
tjme. 

In Art. 19, acceleration = — • 
dt 

Here ^ = g,dv = gdt. 

Integrating, v=gt + C. 

From the conditions of the example, v = v^ when ts=0; therefore 
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Hmoe tj =i j( + % 

Since « = ^(Art.l8), da = gt dt + v^tU. 

Integrating, 8 = -=^gt* +v^+C. 

From the conditions of the example, a=0 when t = 0; therefon 
C=0, and ass-g^ + V(f is ttie complete solution. 

Ex. S. A body is projected at an angle « with the horizon, and 
with a velocity Va- Find the equation of its path. 

fiepreaent the horizontal and vertical components of the velocity 
by V, and ti, respectively. Then, since gravity ia the only force act 
ing on the body, we have, g denoting the acceleration of gravity, 

Integrating, v,= C, v, = ~gt+C 

When ( = 0, u.^wocosa, v, = v„aiiia. 

Hence u, = v^ ooa a, v^ = ~gt + Voamtt; 



dx dy 

— = Vo COS a, -i = 

dt dt 



-gt + VoBina. 

Integratii^, x = vj) cos a + C, y = ~^gt' + v^aia a +0', 

When * = 0, x and y, and therefore C and C, are zero. 
Hence at = iV cos a, and y=s — -^g^ + v,fBiaa. 

Eliminating t between theae equations, we have as the equation of 
the path of the projectile, 

y=a!tan«-— -^— -. 

2 vcos*« 

This evidently represents a parabola whose axis ia parallel to the 
axis of T. 
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EXAMPLES 

i. Find the equation of the curve whose subnormal (Art. 146) 

has the constant value 4, and which passes through the point (1, 4). 

Ana. y* = 8x + S. 

5. Find the equation of the curve whose subtangent (Art 146) 
is twice the abscissa of the point of contact, and which passes through 
the point (2, 1). j^as. x=s2^. 

&■ The slope of the tangent to a curve at any point is — ;r-| and 
the curve passes through the point (3, 2). Find its equation. 

Ana. 4a!' + 9y*=72. 

7. Find the equation of the curve whose polar subtangent (Art. 
163) is 3 times the length of the corresponding radius vector, and 

t 
which passes through the point (2, 0). Ana. r=2t?. 

8. Find the equation of the curve whose polar subnormal (Art 
153) is 3 times the length of the corresponding radius vector, and 
which passes through the point (2, 0). ^ng, r = 2 e". 

9. Find the equation of a curve through the point (3, ^Y in which 

the angle between the radius vector and the tangent is half the 
vectorial angle. ^„8. r = 6(1 - cos ff). 

10. A balloon is ascending with a velocity of 20 miles au hour. 
A stone dropped from the balloon reaches the ground in 6 seconds. 
Find the height of the balloon wheu the stone is dropped, calling the 
acceleration of gravity 32 ft per sec. Ans. 400 ft. 

11. If a particle moves so that its velocities parallel to the axes 
of X and F are % and ftx respectively, prove that its path is an 
equilateral hyperbola. 
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12. A body starts from the origin of cofirdiDates, and in t seconds 
its velocity parallel to the axis of X is 6 1, and its velocity parallel 
to the axis of Tis3^ — 3. Find (a) the distances traversed parallel 
to each axis in t seconds; (6) the distance traversed along the path 
(Ex. 41, p. 38) ; (c) the equation of the path. 

Ans. (a) a! = 3(*; y = **-3(. 

(&) 3 = t» + 3(. 

(c) 27ff>^x(x-Qy. 

13. A body is projected directly upward with an initial velocity 
of 400 feet per second. Keglecting the resistance of the air, find 
how high it will rise. Ans. 2500 ft 

Find its height when its velocity is reduced one-half. 

Ana. 1875 ft. 

14. If a body projected from the top of a tower at an angle of 
45° above the horizontal plane, falls in 5 seconds at a distance from 
ihe bottom of the tower equal to its height, find the height of the 
cower (g = 32). Ans. 200 ft 



CHAPTER XXn 
INTEGRATION OF RATIONAL FRACTIONS 

194. Formnlie for Int^iatlon of Rational Functions. On ezamiD- 

ing the fundamental integrals in Art. 186, it will be seen that only 
four apply to the integration of rational algebraic functions, I., II,, 
XV., and XVI. ; and of these only I., II., and XV. are indepeadent, 
since XVI. depends directly upon II. 

It will be shown in this chapter that by these three fonnulfe any 
rational function can be integrated. The integration of a rational 
polynomial has been explained in Chapter XX. We will now con- 
eider the integration of rational fractions. 

195. Preliminary Operation. If the degree of the numerator is 
equal to, or greater than, that of the denominator, the fraction 
should be reduced to a mixed quantity, by dividing the numerator 
by the denominator. 

For example, 

ic'-2a!' ^, 2x'-H 

-^T^ 2a>-3 + ^^.-^ 

The degree of the numerator of the new fraction will be less than 
that of the denominator. 

The entire part of the mixed quantity is readily integrable, and 
thus the integration of any rational fraction is made to depend upon' 
the integration of one whose numerator is of a lower degree than the 
denominator. 



250 INTEGRAL CALCULUS 

196. Partial Fracttons. A rational fraction ia integrated by de- 
composing it into partial fractions, whose denominators are the 
factors of the original denominator. The complete discussion of 
Partial Fractions belongs to Algebra. We shall only consider here 
the form of these partial fractions and the processes of determining 
them. 

Factors of the Denominator. It is shown by the Theory of Equa- 
tions that a polynomial of the nth degree, with respect to x, may be 
resolred into n factors of the first d^ree, 

(a: - ai)(x -ai)(a! - Oj) ■ ■ ■ (a; - a„). 

These factors are real or imaginary, but the imaginary factors 
occur in pairs, of the form 

JB — a + ftV— 1, and a; — a — 6V— 1, 

whose product is (x — a)' + b% a real factor of the second degree. 

It follows that any polyiiomiEil may be resolved into real factors 
of the first or second degree, and only such factors will be considered 
in the denominators of fractions. 

There are four cases to be considered. 

First. Where the denominator contains factors of the firat degree 
only, each of which occurs but once. 

Second. Where the denominator contains factors of the Jirst 
degree only, some of which are repeated. 

Third. Where the denominator contains factors of the second 
degree, each of which occurs but once. 

Fourth. Where the denominator contains factors of the second 
degree, some of which are repeated. 

197. Case I. Factors of the Denominator all of the First Degree, 
and none repeated. 

The given fraction may be decomposed into partial fractions, m 
shown by the following example, 



r- 



•f+ex~s 
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AsBume 

a^ + 6a!-8 ^ 3!' + 6ai-8 _ A . B ,0 
si/^-ix (a!-2)(a! + 2)« as-2 x + 2 »' 

where A, B, ate imknown constants. 



• w 



Clearing (1) of fractions, 

x? + 6x-S = Axix + 2) + Bx(x-2)+C(_x-2)(x+2) ... (2) 
={A + B+C)x'+2(A-B)x-iC. 

Equating the coefGcienta of like powers of a; in the two mem- 
bers of the equation, according to the method of Undetermined 

Coefficients, we have 

A + B+G=:l, 2(A-B) = 6, -4(7=-8. 
whence A=:l, B = ~2, 0=2. 



a/'-ix x-2 x + 2 x' 



S^ 



•^+6^-8 



(te = log(a!- 2)- 21og(a!+ 2) + 21og« 



= log 






The following is a shorter method of finding A, B, Ot 
Suppose the denominator of the given fraction to contain the fao- 
toi x~a, not repeated. Then the fraction may be expressed aa 

/w .. ^ I *(') 

This being an identical equation is true for all values of x. 
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If we put a; = a, we have A = ^^ , since by hTpothesis <p (x) doea 
not Tanisb when x = a, * W 
ThuB we have the following rule : 
To find ^, the numeratoc of the partial fraction , putxsa 

in the given fraction, omitting the factor x — a itself. 
For example, having written equation (1), we find A by substitute 

ingx = 2in the given fraction - - ^— ^ — , omitting the factor 

ix-2)(x + 2)x' 



This gives 



.^ 4 + 12-8 

4(2) 



To find S, substitute x = — 2, omitting the factor x + i. 

-■ l(-2) 
To find 0, substitute x = 0, omitting the faot<» a. 



The constant of integration C will be omitted in the examples in 
this chapter, and the following chapters on the integration of func- 
tions. 



J r(^+x+l)dx 1 i„, (' + 1) ('-3^ . 
Jif-if^ + x + e 12 ' (»-2)" 

3 fc^+iydu, 1, (2»+iK2»,-iy 
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4. r ^^ = Jl„g_fc±3)!_. 

J. r t^ = j-l„ (3'-l)'(3'-2)' . 

J(2ii!-l)(S«-l)(3»-2) 18^ (2"'-l)' 

J (oa; — b)(bx — a) ao— 6" a6 — or 

, f (, + ayVx 1, (2, + »)(.-.)- 

J (a; + a)(x + 6) B — a 'a— & ' 

9. r ± 1 i„e (.v+»W»'-l)-. 

Jfe + nW-l) 2(»'-l)^ + 1)— 

Ij r(a'-l^(^ + Vid^ 1 . (<,»+6Xto-»> 
■ JCaW-S-jCdW-o") 2«t "(oai-SXte + o)' 

11 f (.+i)ifa _ 1 ^ (^+m—n' 

J(«>-19)>-4(i + 8)' 360 'ix + 3y(x-iy 

IS, rfe+i)^_ 

j43!'-17a,-' + 4« 
= J55l«8^^'-^ lo8[(2»+l)(«»-l«+jlof». 
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IfiB- Cask II. Factors of the denominator all of the first degree, and 
some repeated. 

Here the method of decomposition of Case I. requires modifica- 
tion. Suppose, for example, we have 



Jxix-X)' 



If we follow the method of the preceding case, we should write 
j^'+t _A , B _^ O _^ D 



xix — 1)* X x — 1 as— 1 «~1 

But since the common denominator of the fractions in the second 
member of this equation is x{x — 1), their sum cannot be equal to the 
given fraction with the denominator x(x ~ 1)'. To meet this objec- 
tion, we assume 

a^ + 1 _A , B . . D 



x{x-iy X (je~l)' {x~iy x^^ 

Clearing of fractions, 
a? + 1 = A(x^iy+ Bx+ Cx(x~l) + Dx(_x-iy 

= (A + D)3?+(-3A + C-2D)3^+i3A+S-C+£f)x-A 

■ (1) 



Henoa 


A + D-1, 




-3A-t-C-2D = 0, 




3A + B-C+D = 0, 




-A = l, 


Whence 


A=-l, B = 2, 0=1, D = 2. 


Therefore 


(^ + 1) 1 2 1+2 
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The numerators A and B may be determined by the short method 
given for Case I., aud then G and D may be found by (1) and (2). 

EXAMPLES 
J te — or 2 2a? X x 

JCj! + 1)(«-1)' 4(i-1)' S 'i + l 

JiC*"-*)" «'-4 4 'i'-4 

4 r (193;-32)d3; _ 1 3. 2a;-3 

' J (4i + l)(2«-3)' 4(21-3) 4 *4« + l' 

J(9a!*-4)' 18(9 as" -4) 216 ^3a! + 2 
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9. r £^ = 

10. f_fe±£+»t 



2 


T^^ 


-J- log' 


-2 + V3 


6(»-- 


6V3 % 


-2-V3 




-„-^) 




Soy-ft 


log(« + a 


, a'-Sa* 


log («+»). 


(<■-»)" 


' (<.-6)- 


ominator 


containing 


Factora of 


tie Setond 



Degree, but none repeated. 

The form of decompositiou will appear from the following 
example, 

We assume Sx + 12 ^A^+C ^^j 

and in general for every partial fraction in this case, whose deBomi- 
nator is of the second degree, we must assume a numerator of the 
form Bx + C. 

dealing (1) of fractions, 

5x + 12 = {A + B)3?-irCx + ^ A. 

A + B = (S, 0=5, 44 = 12. 

Whence A = 3, B=-3, 0=5; 

therefore ^^^3^^^. 
«(ar + 4) X tr + i 
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«»" J^-^-^-^vfe^ 



2 2 



Take for another exaisple, 

-l)(«--2» + 6) 






This fraction is decomposed as follows : 

Sx'-Sai-S 1 3x-2 

(I -!)(!>■ -2 1 + 5) »-l «'-2« + 6' 

a?-2ir+6 J ai"-2» + 6 J rt"-2ai + 6 

= |log(:r'-2» + 6) + ltan-£|:l. 

p (2^-3»-3)d« i„|. ''^-^''+°>' i'taa-'''-' 
J (x~l}(i^-'2x+S) ' »-! ^2 2 ■ 

The integration of any fraction witli a quadratic denominator like 

the preceding, | -^ — — — ^ — , may be shown as follows ; 
J ar — 2a5 + S 

HaTing written the denominator in the form (x + a)' -(-&*, we hare 

f (px + q)<b, ^ f p(t + a)dx (■ <,q-pa)dx 
J(« + a)'+6' J(«i + 0)-+6'^J (i + oZ + f 

-§ log[("' + «)' + i^ + ^ tan-.^. 
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EXAMPLES 



J 4a!' + 3« 3 2 4a:* + 3 V3 

When the given fraction and the denominators of the partial 
fractions contain only even powers of x, they may be regarded ag 
functions of x', and we may assume A, B, C, etc., as the numerators 
of the partial fractions. 

In the followii^ example, the partial fractions may be assumed aa 

■■ + a' ji' + ft' 
J (4 2"+ !)(«? + 4) eV 2^ 6 2+2«' 

J»(»"-6»+13) 26 " «■ 13 2 
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g r f3a!'-2!B-20)(fa! 1. ( 2g'-6a! + 5y 
J Ci" + S)(2i"-6» + 6)"J ^ («'+3)" 



-|tao-'(2»-S5. 



* Js'-l e^ji + y + l^VS V3 

12. f^jE l_i ■J-.yg+l ^.JLta.-itV?. 

Jm* + 1 4v'2 tu' + «3V2 + l 2\/2 l-"^ 

J^-a^ + ai--! 6(a! + l)^4 "«+l aVS VS 



aOO. Case IV. Denominator containing Factors of the Second De- 
gree, some of which are repeated. 

This case is related to Case III., as Case 11. to Caae 1., and requires 
a similar moditicatioii of tlie partial fractions. 

For illustration teke 



r 2^ + »^ + ! 



(fiK 



2rf + a^ + 3 Ax + B . Oc + P 
(a? + l)' (»'+l)'* ^r' + l ' 

A— -2, B = 2, 0=2, D = \. 
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Thmfo™ 2»- + »- + 3 ^-2» + 2 22+1 . 

i'f + iy («■ + !)■ ^a.' + l I 

J (a? + l)' J («? + !)■ J C»* + l)' 

To integrate the last fiactioB, we use the followiug formula of 
reduction, 

f dx _ 1 r X iCn T,C ' ''^ ! • 

J (I'+o^- 2(»-l)a"L(a?+o')^''^''" 'J(rf + a')-'J 

This formula enables us to integrate t —r — r- by making it 

/J (sr'+o')" I 
—■ By successive applications the giym 

integral is made to depend ultimately upon ) which is I 

1 X Jif + a' I 

itau-'S. 
a a 

' This formulB may be derived as follows : 

= (I' + o')- - 2 . [(J? + «■) - «•](«• + «•)— 1 
= (1 - 2 n)(3:s + 0-" + 2 »"* C*' + a")-"-'. 
Integrating both members alter multiplying by Hx, 

(«"+«')■"*'"' "'J Ci' + o')-*''"°'J («" + •■)•"' 
Substituting forn, n — 1, we have 
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Substituting in the formula n = 2 and a* = 1, we have 

f dx _ir a; r dx 1 X Itan-'a- 

J(k*+1)' 2\y + l'*'Jx' + lj 2(ai* + l)"^2 ' 

A partial fraction of the form P'"'' ? , by subatitutine 

x + a = z, becomes ^/J ^ xr^ i *^^ integration of which has already 
been explained. ^ + J 

5 + 16f— S 

By the formiila of reduction, 

f__*_ ^ j_r '__ .3 r_*_l 

IZCzi + S)' 4 eL^' + S -'2' + 3j 



wcz'+S)" aicz'+s) 24Va V5 

Henee f (S'+l)-^ ie,-es 

J (^^-6^+12)' 12(«'-6« + 12)' 

2(»-3) ^.^t^-.»=3. 
^3(«'-6» + 12)^3V3 V3 
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EXAMPLES 



3. C ■" + " j.^'t'^ + ^'-^ + O-te.-^. 
J (4.^ + 3)' 8(4i'+3)' ^16V5 VS 

For the following example, see note preceding Ex. 5, Case IIL 
»? + » 






2(4«'+9)(9i" + 4) 

1 ^ 1 13 » 
.66 6-6«"' 



. ^ »^ + 8^-21 ^^ 3(» + 7) 

J (a" + 4i + 9)' 2(i' + 4« + 9) 




SVSt, 



"• J(»' + i+lXx' + « + 






V5" 



2a! + l 

V3 ■ 



' TVT Vf V3 

7. rl^^ 8^ + llog (' + ')' +V3tan--^2^. 

g r ^s 12a:' + 36g + 29 

J[Cji + 2)<-(j! + 1)']-" 2(2« + 3)(2«' + 6« + 6) 



— 3 tan-' (2 as + 3). 



CHAPTER XXm 
INTEGRATION OF IRRATIONAL FUNCTIONS 

201. We have shown in the preceding chapter that the integral 
of any rational function can be expressed in terms of algebraic, loga- 
rithmic, and inverse-trigonometric functions. 

We shall now consider the integration of irrational functions. 

202. Integration by Ratlonalliatlon. Some integrals involving 
radicals may be integrated, by reducing them to rational integrals 
by a change of variable. This is possible, however, in only a very 
limited number of cases. This process is sometimes called integra- 
tion by rationalization. 

203. Int^p^s containii^ (ax+b)'. Such an integral may be 

rationalized l)y the substitution ax + btsifl. 

For example, take f—^S-^. 



Jff-3\*3fdz 



264 INTEGRAL CALCULUS 

Another example ia C-^ 

J V^ + 1 

Assume x = ^, dx = 2zdz. 

Then C^^^= (-2^=2 ff^' - . + 1 - J_ ^ 

204. Integ^alB contAinli^ (ax + b)', (ax + b)',-- . Id this east 

the integral is rationalized by the substitution ax + b = ii", where 
n is the least common multiple of g, a, ■■■, the denominators of the 
fractional exponents. 

Take, for example, C ^ . 

AsBume ic— 2 = z°, dx^Gifdz, 

{.-2)!-^, (^-2)'-^'. 

= ef^- z + log (z + 1)1= 3(x - 2)i~6(x - 2)* + 6 log [(3!-2)* + 1] 

EXAMPLES 

1. /-^±1=«..2VS=2 + V2t.n-J;3- 

•^ asVaJ — 2 ^' 2 

'■ /f;:^j3-5C»''-2)'-(3'-2)'+'»s(i+-5'SS=5> 
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■' (4!, + l)» 24(4j + l)l 
S f * '" -_ L- +21og(V2»-l + l> 



(2|A + 1). 



J ^+2(1 2 2 * 

8. f «"VSJ+6 ii» - ^<»+'l) (15 „.j,i _ 12 ai)i + 8 m. 
J 105 tr 

9. f a = 2C3« + l)l-4ta„-i2i+il'. 

•' (3«+l)«+4(3x + l)' 2 

10. J ''^'' + '~' . (& = 2 Vi+1 - log (« + 3) - 2 V2 lan-i^tti. 

11. f ('-2)'fa §(2;.-3)t + ilog(2'-3)' + 8 

•' (2»-3)' + 6a!-9 * 8 (2i_3)l 

_3V3^..e£^, 
4 V3 

12. r '* ' 

= 2V2» + 1 - 2V5^ + 2VS/'tao-' JtEI _ tm-'-v/ES') 

= 2VR+I - 2 VJ^ + VS/'eos-' i;=i 
V a; + 2 



3 

"';+2/ 
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9 VS 

14. r-^±^=2V^+l + |log(« + 2-V^TT) 



206. Roots of Polynomials of Hig^ Degrees.— In the rationaliza- 
tion of irrational integrals we now pass from roots of binomials of 
the first degree to roots of polynomials of higher degrees. 

Here rationalization is limited to the square root of an espreesiCHi 

of the second degree. 



306. Integrals containing -V^+ax + b. This may be rational- 
ized by the substitution 



Vas* + ax + b = z — x. 

For example, consider I ■ -• 

J x^ai'-x + 2 

If, following the method of the preceding articles, we assume 



y/x'-x + 2 = z, i>?-x + 2 = z', 

the expression for x, and consequently that for dx, in terms of t, 
will involve radicals. This difficulty is avoided by assuming 





■y/a*-x + 2 = z- 


-^> 


—■ 


t + 2-8" 


-2a, 


cancelling 3^ 


in both members. 












2«-l' 




dx 


(2« 






V^-;. + 2 = «- 


■« = 


_»^ 


-1 + 2 
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Hence, 

J 2(i?~z + 2)dz 
(2z-l)' _ c2dt _ 1 , g-V5 
2«-l 2z-l 
Substituting z = Vat" — a; + 2 +a^ 

•^ x-y/3? -x + 2 v'2 Va)'-3;H-2 + a: + V2 



207. Integrals contnlning ■\/~x' + ax + b. This may be rational- 
ized by tbe substitution 



^-a^+ax+b = V(.a-x)(p + x) = ia-x)z or =0 + x)z, 

wbete a — x and ;3 + a; are the factors of —c^ + ax+b. 

These factors will be real, unless ■^—a^ + ax + b is imaginary for 
all values of x. 



Take, for example, 



•^ a!V2 + a;-ic« 



Assume V2 + a! — ie*= V(2 - «)(! + a!)=(2 — «)«. 

V2 + «-ai>=(2 - a;> = ^^ ■ 
Therefore, 



•^ a!V2 + !r-»' V2 V2 + 23! + V2-a! 
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EXAMPLES 




- + log (a; + 2 + V^+HS). 
(aoa;-;!!*)* aV2(KB-a!' 







= 008-'i 


— -^--s- 




zi + a' 

62 


-V"'- 


-¥'-fs-:. 


wliere « = 


= « + V«' + a'. 





30B. Integrable Cases. — The preceding articles inolnde thoae 
forms of irrational integrals that can be rationalized. la general; 
integrals containing fractional powers of polynomials above the first 
degree — except the square root of polynomials of the second degree 
— cannot be rationalized, and cannot be integrated in terms of the 
elementary functions, that is, cannot be expressed in terms of alge- 
braic, exponential, logarithmic, trigonometric, or anti-trigonometrio 
functions. 
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Every integral may be regarded as defining a, certain function. 
It haa been shown in Art. Id2 tbat if /(x) is any continuous func* 

tion of a:, I f{x)dx is a function of x, which may be geometrically 
represented by an area bounded by the curve y=f(x); but this 
cannot always be expressed in terms of the elementary functions. 



CHAPTER XXIV 

TRIOOHOMETRIC FORKS RBADILT IHTEORABLE 

209' It is to be noticed that anj power of a trigonometric funo- 
tion may be integrtited by FormuLa I., when accompanied by its 
differential. 
Thus, 

/■ . J sin"*' J! /* . ■ J coa"*'ji! 
Bin"a!C08a!aa! = -, I co8"a!Bina5daj = , 
n+1' J n+] ' 

tan"iB8ec*a;(ia!= — , I cot"a!COBe(ra!da;= , 

/Bee"*' a; 
sec" as Beo X tan xdx = — , 
n + 1' 

/cosec''ircoeeoa;cotiBdat= -. 
n + 1 

Having in mind these integrals, the student should readily tinder- 
stand the transformations in the following articles. 

210. To find [ sin" a; (fa or | cos" a; da;. When n is an odd posi' 
tire integer, wi; may integrate as in the following examples; 

I Bin*j!d!i!= j sin* » sin 3! da! = i (1 — oo8*a!)'8injrdas 
= r(l-2oo8»a! + co8*a!)Bina;da! = -cosa! + ^^^-52^. 
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Another example ia 

ioo»'2xdx = |c(»'239coB239da; = - | (1 — Bin*2a))coB2a;2(l!i! 

211. To find I Bin' x cos" x dx. When either m or n is an odd 
positive integer, thia form may be integrated in the aame manner aa 
in the preceding article. For example, 

I 8in*a!C08':rda!= | sin' a! COS* a; Cos a; da; = | sin* a; (1 — sin* a:)* cos aid* 

Another example ia 
lain' a; cob's; da; =! I cos^a;sin'zsina;dat= j cos*x(l — cos'ie)8ina!(i» 
-J(cos*x-coBJaT)sin«d»; = -2c|i^^.2o^. 

EXAMPLES 

■ /*.•. . . 3 cos' X cos' X 

1. I ain'a!da!=B — oosai + eos'a; — ^^-^-= + ^^^^. 

X ,4 ,a! 2 



a. /..|. 

4. J ainV cos'0 d0 = —^ -— * + — — - 
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5. r8in'2tfcoB»2tf 



_ sin'2g am'2tf 
12 16 



6. I (aiii*a; + coB*a!) sva'xcos'xdx 



7. r (cob' ^ + ain' ^) (coa* ^ — sin* ^) rf^ 



■f'. 



'ydff _ coa'y _ 3 cos's • 3cos'i 



+ log secy. 



^ sin'a; sinx 3sm'« 

10 f oos^xdx _ _ 2sin'!e + 6 _ 
'^ Vsin'a; SVsin x 

11. I (sin* JB cos' a; — cos" IT sin' as) d!B 



X + coa"^ a; _ Bin""''' x + cos*** a; 
n+1 m+3 



12. I (Bin2a;-f-coa2x)cos'xdx=-(8iii'ir — coB'x) + sma;oo8'ir. 



13. I BiD4xBm^a;dr = 



4 sin' a; 8 sin' a 
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2X2. To find ( tan'xdx,or i coVxda. 
These forma can be readily iotegrated when » is any iateger. 
CiMiii'xdx= I tan"-*a:(aec'z — l)d« 

■■ rtaii"-*aae<?«(to— Ctaav*xdm 

11 — 1 J 

Thus Ctan'xdxis made to depuDd npon Ctan'-'xdx, and ulti- 
mately, by enccessive reductions, upon (tanxdx or 1 d;c 

Forexample, (taii'xdx= j tan*a!(8eo'a5 — l)<i» 

Ciaif»dai= Cta.nx(awfx—l)dB 
= =|-^— logBooa 
Henee J*tan?«(te-^*?-^ + log9eo» 

Anotber example is 
CeotfxdxB reot'x(BOBe(^x-l)dx = -^~^-Cc(^xda 

«-2^_Jcof«(coseo»a:-l)<te=-^ + °-^+Jcot?«da 

— ?5^ + S5t^+ r(co8ee*s-l)d^=-£S^ + 2^-cota.-* 
o a J Bo 
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213. To find CBoc'xdx or Icosee'aiclft Wlieu n is an ereo 
positive integer, we may integrate as follows : 

faecfxdx= r(tan*»+l)*8eo*a!da!= r(tan*ir+2tan*x-f l)sec'xdx 

_ tan*a! , 2tan°g . ^ 

= —= — i 1- tan at. 

Another example is 

I co8ec*iBda;= | (cot*a)+l)co8eo*a!(iaf= — ^—^—eotx. 

21A To And j tAn"'x a(x:''xdx or j cofxcosec'irdiE. When n is 
an even positive integer, these forms may be intregrated in the same 
manner as in the preceding article. For example, 

j tan' 91 sec* a; da; = j tan*3!(tan'ic+l) sec' x dm 

= J(tan«a: + tan« a,) see'x dx =^ + ^^. 

When m is an odd positive integer, we may integrate as follows 
1 tan*ii;seo*a;dz= | tan*a;sec'xseca; taairda! 

" ((seo'ir — lyseo'asseoajtanadaj 

V I (sec^x— 3Beo*a;+sec*a;)Beca9taDzda 

sec^ic Zsec^a; . sec^as 
"7 5 "^ 3 • 

Another example is 

I cof X cosec" a: da! = I cot' x cosec* x coaec 2 cot a; dx 
= /'(coseo' aj - cosec* X) cosec « cot a; da, = - e^?!"!? + 25!|1?. 
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EXAMPLES 

J 9 7 5 3 

S. j (seox— tanx) sec^a; tan'aidg; 

= ^ (tiui»a! — 8ec»«) + ?(taii*fl!+8ec^a) + ^(taii»«— 8eo*a!) 

m rtan'a!+l ■_ tan** tan'ai , , , , 

7. I T-oaj = — -, — I- tan X + loR 008 A 

Jtanx + 1 5 4 

B rsec" a; + tan* IE ■_ . ,_ 28ec'a! , , _ 

8. I ' aas = tan" » 1- sec » + * 

J sec X + tan x 3 

v/ tan'» 2 



Toosec^ 
J cosec'f 



cosee* cot' $ 2 



(tan'* — sin* tf) + log (sintf taotf). 
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11. Jv 



I Vsec* X tan X (Vsec* x— Vtan' «) dx 

= - (tan»i)!— 8ec*iB) + - (ttm' x + seo* x), 

13. j (sec" X tan' as — tan"-' x sec* iB)da! 

^ aec'^'iE — tan*^^iB 2 (sec""-' a; + tan-*' a;) seCig — tan"g 
^ m+4 m+2 m 

A term | 8ec"a;cosee"a!da! may be integrated, when m + »is 
even, by substituting cosec x = 



a. f 



tanx 



14. I (sec^a; — coaec'aj)*da! 

tan' X 3 tan' x tan' a; 



215- To find | sin" x cos" x dx by Multiple Angles. The integra- 
tion of this form, when either m or n is an odd positive integer, has 
been given in Art. 211. The following method is applicable when 
both m and n are even positive integers. 

By trigonometric transformation sin- ai cos" le, when m and n are 
positive integers, can be expressed in a series of terms of the first 
degree, involving sines and cosines of multiples of x. 

If we use the method of Art. 211 for integrating terms with one 
odd exponent occurring during the process, the following formula 
for the double angle will be sufficient for the transformation of the 
terms with even exponents : 



TRIGONOMETRIC FORMS READILY IKTEGRABLE 277 
aia ^cos ^ = ^sin 2 A, 



sin* ^ = ,^ (1 - cos 2 A), 



cos* ^ = ^ (1 + coa 2 A). 

For example, requited i sin* x cos' x dx. 

8in*a;cos'3;=(sinxcosic)'BiD*x = -siii*2ic(l —cos 2 at) 

= — -Bin'2a;co8 2ir + -— (1 — 008 4*). 

Hence fsin* ^ coe' a: da? = — 515 — ? + — — 5™ — 5. 

J 48 16 64 

EXAMPLES 
4. J'8m'»ii.-i^6«-4.iii2« + S^^+|8iii4A 
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a. r8iii'«<ia!=if?|2-48in2»+|«iii'2it + |«iii4<t 
*/ 16^ 8 3 8 

■ am8a! \ 
■*" 64 / 



CHAPTER XXV 

IHTEORATION BY PARTS. REDUCTIOIT FORHULS 

216. IntegTCtlon by Parts. From the differential of a product 

d(uv) = v(lv + vdu, 

webave uv= iudv+ ivdu. 
Hence, Cudv=uv— Cvdu (1) 

This formula expresses a method of integration, which is called 
integration by parti. 

For example, let ns apply it to 

I X 1(% X dx. 
Let u = log X, l^en dv^xdxi 



whence dv = 



a? 



Substituting iu (1), we have 

J-log...^.lo,..f-/|.f 
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Integration by parts may be regarded as a process, which begins 
by integrating as if a certain factor were constant. 

Thus in (2), if in j log x-xdx we treat log x aa if it were a con- 
stant factor, we obtain log a; ■ — . From this we must subtract a 
new integral formed as indicated by the following connecting lines. 

/log..«*,-log..f-/ff. 
Thia method of lemembering the process may be found useful. 
Another example is Ix cos x dx. 

Assuming u = cos x, we have 

CxcoBxdx^cosx- — — C—^—Bmxdx). 

As the new integral contains a higher power of x than the original 
integral, nothing is gained by this application of the process. 
But if we take u = x, we find 



Cjioosxdjs^xmix— isinzdsB 



EXAMPLES 



1. J'a:^loga;(ir = J^loga:-i\ 

2. far(e--fe-")<i» = -(e"-e-~)--,(e- + e— ). 

3. j'x(9ia3x-coB3x)iix = f-^ + ^8m3x-(^ + ^tioa3x, 
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«. J"log(ai + 6)ir«-^i + ^yog(ox + 6)-a. 

7. J(» + l)log(. + 3)ite- '' + |'-^ l.g(« + 3)-|+|- 

8. f8<icVlog«ln*<l* = (^!!~* + lan*'\logsm*-5!l*-^. 

10. f log('' + 2) d^^ Iog(» + 2) , J. + 1. 
J (x+iy x + 1 ^ ''x + 2 

11. rtan-'-da; = artan-'--|log(a!* + o'). 

12. J>tan-'a!<ic = ^tan-'a!-| + |log(!B» + l). 

13. I sin'' ~dx = irsiD-' * + Vo' — as*. 
^ a a 

14. r(3a!»-l)flin-'a;dr=(a!'-a!)8in-'a;-ii^:^^. 
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./coa'iB 



15. J>»8m''ar<te = a;^-^ co,^j + -— + —^. 

16. Ta; (sec* a! — tan* a;) dx = x tan' as + — ^ + log sec a 

17. J'''8( ^+') d»„,-gJJ:log(e- + l). 

18. riog(a + Va^ + a')die = alog(o+ Va' + a*) 

+ alog(iB + Vie' + ix*)— a!. 

In each of tlie foUowing examples integration by parts must be 
^iplied successiTsly. 

SO. J(,--x)'d«= = ^-?^(4>,-l)+?i(2»?-2.+ l)-^. 

ai. J*-(log;.)'<i» = ?r(log«)'-?M?+2"|. 

32. f«'siii2«(fc = ^2^-|'\sin2»-C|'-^)oos2«. 

23. ra!(tan-»«)»da) = ^±^(taii-»!B)*-a!tan-'a! + ^!og(a!» + l). 

24. ra!log(ai + o)log(»!-o)ifc = i=i'log(» + a)log(«-a) 

- fe±^'!og(« + a)- &^'log(«-«) +f . 
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217. To find Ce" sin me dx, end Te" cos »a! rfa. 
Integrating by parts, with u = e!^, 

re-amn3!da! = -^^^^^^ + 5 fe-cosnaidr. . . (1) 

Integrating the same, with u = sin nx, 

Cg"Bmva;da! = ^^^^^-- Ce"coav3!da;. ... (2) 

We see that (1) and (2) are two equations containing the two 

required integrals, Cg^aiatuedx and i e"c08nxdx. Eliminating 

the latter, by multiplying (1) by n', and (2) by a', and adding, gives 

(o' + n*) I e" sin nsB das = e" (a sin wjb — n cos na;); 

hence fg-sin^a;da; = '"(°^'°f -"'=°""^) (S) 

Substituting this in (1) and transposing, gives 

2 re"cos«a;dai = ^("""""^ + "''=°"'^); 

henoe rg-cosnxd^ = ^("^'''"^ + °'^^"^) (4) 

J a= + "' ' 



The student is advised to apply the process of Art. 217 to Exa. 
1-4. For the remaining examples he may substitute the values of 
a and n in (3) and (4). 



j e** sin 5 a: da: = — (3 sin 5 ic — 5 COB 6 jb), 

/^ COB 5 ic da; = ~ (5 sin 5 3! + 3 COB 6 »). 
34 
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I e~*' sin a: da! = — ^— (2 sin x + coe a;), 
I e~^ COB X (£c = ^— (8ia a; — 2 cos as). 

3. I e" sin oa tto = -— (Bin a* — cos ax). 

4. r«-ieos!?da! = |^'Y28in5-3c08?\ 
J 3 13 V 3 3/ 

. p BJn 2iE + co6 2:B . ein2a! + 5coB2ai 

J ^ I3e^ 

6. r(«* + Biii2a!)(e" + co8a!)dai = ^+^(8in!B + 2co8a!) 

+ ^(Bin2a!-2ooB2a!)-^ 
5 i 

7. re*"coB'3a!(to=~ + — {38in6a! + cos6a!). 
J 4 40 

a C^ • n ■ o J Cp ■ . 5 sin 5 Of + cos 5 aH 

8. I e" sin 2 3! Bin 3 a: da! =— aina! + cosa! -^ I. 

9. I aie*" cos as dai = — [6 a; (sin a; + 2 cos a:) — 4 sin a; — 3 cos a;]. 



21S- Reduction Formula for Binomial Algebraic Integrals. These 
are formulEe by whioh the integral, 



ra!"(o + 6as")»diB, 



may be made to depend npon a similar integral, with either nt or p 
numerically dtmiaislied. There are four such formulae, as follows: 
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(np + m+,l)b (np + m + l)bJ '>"-'-«^; "^ K-^t 

C3r'{a + barydx 

^x"^' (° + ft^) '+ "P" r^Ca + a^tf-)-'^ . . . . (B) 
;y, + m+l np + m + lJ >./■—' v / 

rir(a + 6a!")'da! 

_ :r*'(a + t»-).« _ (^+.„ + m + l)t /-^.(„^t,^,^_ _ (0) 
(m + L)a {m + lja J 

Ci>r{a+b3rydx 

n(p + l)a »(> + l)a J 

Formulse (A) and (S) are used when the exponent to be reduced, 
m or p, is positive, {A) ohanging m into m — n, and (S) changing p 
into p — 1. 

FormnUe (£7) and (D) are used when the exponent to be reduced, 
m or p, is negative, (C) changing m into m + n, and (D) changii^ p 
into p + 1. 

If, in the application of one of these formulEe to a particular case, 
any denominator becomes zero, the formula is then inapplicable. 
Fot this reason, 

Formulte {A) and (B) fail, when np + vi + l=0. 

Formula ((7) fails, when m + 1 = 0. 

Formula (D) fails, when p-\-l = 0. 

In these exceptional cases the required integral can be obtained 

without the use of reduction formulse. 
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219. Dflrlvatioii of Formula (A). Let us put for breTKy 



C3rX*dx= Car-' 



iX^X 



int^ratiug by parts with m =3^-"+', we have 

CarX'd^= '^-';'^^"' -^^=^C.r-'X^'dw. . . (1) 

GompariDg the integrals in (1), we see that not only is m diminished 
by n, but p is increased by 1. 

In order that p may remain unchanged, further transformatioa is 
necessary. 

By substituting X"" = (a +baf) X*, 
the last integral may be separated into two. 

JV— A>+' dx = aCx'^'X* dx + b CaTX* d». 

Substituting this in (1) and freeing from fra«tion% 
»6CP + l)f'^X* (fer = af -+>X^> 

-(m -n + l)faC3r-''X' dx + b po-JP' (te\ 

Transposii^ the last integral to the first number, 

(np + m + 1) 6 |V:P die = ai*— +'X*^» - (m — n + 1) a ra!--"2» das, (2) 

whioh immediately gives (4). 
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220. Derivation of Formnla (B). Integrating by parts irith 
1 = X', we have 

m + 1 Jm + l 






^Kf^'X^^dx. .... (1) 



Comjtariiig the integrals, we see that QOt only is p decreased by 1, 
but that m is increased by n. 
To avoid the change in m, substitute in the last integral of (1) 

b^ = X-a 
Also freeing from fractions, 

(m + 1) f af X' dx = nT^'X' -npf fx~X'-ax-a jVx'-' dx\ 
Transposing to the first member the last integral but one, 

(np + m+ 1) CarX>' dx = aT+'X* + npa Ca^X-^^ tte, . . . (2) 
which immediately gives (J3). 

221. Derivation of Formula (C). This may be obtained from (2), 
Art. 219, by transposing the two integrals, and replacing throughout, 
m — n by m. This gives 

{m + 1) a CafX' dx = 3r*'X*+> -(np + m + n + l)b faT+'X" dx, 

from which we obtain (0). 

222. Derivation of Formula (D). This may be obtained from (2), 
Art 220, by transposing the two integrals, and replacing p— 1 byp 
This gives 

K(i? + lyiCiTX' (te = - af^iX"*' + (np + n + m + 1) Jx-X'+'cia^ 
from which we obtain (i>). 
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EXAMPLES 



1. C^p- £V7^:3+i',m-S. 

J yf^:^ 2 2 a 

Hen, f-^== pCa'-^-ifc 

Apply (^), making 

m = 2, n = 2, P=-\, a = a\ 6 = — 1. 

fr^Ca- - s^-i ifa . i&L^ _ ^ J (a. _ ;^ -i i, 

= -|(»'-»')» + |'»i=-j. 

a. J"V5M^<i« = I VSM^S + |'log(« + Va' + ai^ 

Apply (B), making 

m = 0, n = 2, p = ^, a = a», 6 = L 

f(a' + ^»*. = |(<.'+«^» + 1'/— ^ 






dz Vn!* — g' 1 - -i!c 

2(xW 2o' a 
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Apply (C), making 

m=-3, 71 = 2, P=-|, a=-a?, ft = l. 

Pr-'(a^ - ar^^= ^'(^ ~. ""^^ + A r^'(a='-a')-*<to 
»/ 2o 2oV 

2aV 2<i" a 



Apply (i?), making 

ra--l, » = 2, P=-\ o--(>", 8 = 1. 



. (y/aT^i. 






. O^Hin-t!", 



6. f-^^=fv^i:rs'+|log(.+ ,^=3>). 
J va?— a" * * 

8. Jc«'-o")''i'-|C2>'-6i»*)v^^^+^' !'>?(«+ V?^r?). 
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8. J'i"V?^:7(fa-|(2»'-<0v'S'3S+|'sui->!. ■ 

u. r^L_ — ^^. 

*' (a*-<^i aWa^ — x^ 

12. Derire the formula of reduction used ia Case lY of Bational 
Fractions. 

J (ir> + «»)- " 2 (n - 1) d' l(^ + o*)-' "^ '^^ " "^U {x'+aT-'J 

13. I ; = — ; — , sec '-. 

'' x" (iB* - «•)* 2 aVV^IT^* 2 a" a 

Write r Jg'da' f x dx ^^^ ^^p^j^ ^^^ ^^^^^ 

16. f 'to ^_ y2^3^ . 

•^ a!v'2aai-3!' (w 

17. rV2aa!-!r*da. = ^^V2aa!-a;' + ^%in-'^=5. 
»' 2 2 a 

or = ^^ V2 aa; — a!* + ^ vers"' - • 
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Write j V2aai — ie'dic= J Vo" — (a; — a)' dx, and sabstitute 
in Ex. 5. 

18. Cx^/2^'^r^dm 3^±^L^2^^-S^T^ + «!yerB-'2. 

J 6 2 a 

19. f:^^^EZ^=,^^^3^ + „vers->^- 
^ a a 

20 f ardx ^ af'-V2aa! — a-J (2m-l)a r sT-'^dx 
' J V2<wi-a!' »» m J •s/2ax~<^ 

21. r /^ 

V «rv'2aa!-a? 

_ ■\/2~ax—a? . wt — 1 p da; 

(2 m- l)aa?- (2 m- l)oJ ar^V2o*-a!'* 

32. C!ir->/2ax-3?d3) 

83. C ^2asc~^dx 
' -J of 



(2aa! — iB^* ■ wt — 3 TV 
(2 Mt - 3)(M?" (2 m- 3)aJ 



223 Trigonometric Rednctlon Formnls. — The methods explained 
in Arts. 211, 214, are applicable only in certain cases. 
By means of the following foriuulBe, 

j ain" a; cofl" a; da;, j tan*a!sec"a!da!, and j cot" a: coseo" « d* 

may be obtained for all integral values of m and n, by suooesBiT* 
reduction. 
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J j» + n m + nJ 

J m + » m + ?u/ 

I Bin*a!0O8"a!(!a: 

m + 1 ^ m + 1 J ^ ' 

j 8in"a!C08"icda! 

n+1 n+1 J 

/. _ J sin""* * cos «, m — 1 /*„■__., j„ zkv 

fooa'xdx = '^'"^^'"''' + '^fcos'-*xcb!. (6) 

J m + «-l m+«-lJ ' 

I oot~a;coBec*x(ia; 

°°t^'»'»'«'^» n=L. fcot— ^ooseo-ai&u . (8) 

m + n-1 m + n-lJ 

j'MC-«.t.- '»°'''^^% ^Js.c-:.dx . ..... .(9) 
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JcoBeo'wdx = -^2?^^l^^+^fcoBBa-*xdx. . . .(10) 

Ctaji'as€bi = ^^^-~ Ctaa'-'xdx. (11) 

CeoV'xdx = -^^^-j'catr-'xtla>. (12) 



224. DeriTBtion of tlie Precediaf Formuls. — To derive (I), ve 
integrate by paxts with u = sin"-' x. 



am"-' I COB"*' a? a 



/„■ ,_j_ sin"-' a! cos"*' x , m — \ C 

n+1 n+lJ 

I Bin"-*a!Coa**'icdaj= | sin"-' a; cos" a; das— | ^ia^x&xfxdx. 

Substituting; this in the preceding equation, and freeing from 
fractions, we have 

(m + n) 1 sia"3!COS"3!da! 

= — 8m"-'!reoa"+'a+(m — 1) j sin"-* a: cos" « da), 

which gives (1). 

To derive (2), integiate by parts with w = cos"-' x, and proceed as 
in the derivation of (1). 

Formula (3) may be derived from (1) by transposii^ the integials, 
and replacing m — 2 by m. 

Formula (4) may be derived from (2) by transposing the integrals, 
and replacing n — 2 by n. 

To derive (5), mahe n = in (1); and to derive (6), make m = 
in (2). 

The derivation of (7), (8), (9), and (10) is left to the student. We 
have already derived (11) and (12) in Art. 212. 
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EXAMPLES 



/* . . ■. ' COB le /sin' js 5 ■ . . 5 ■ \ 5 a: 
I. /»»•.<!. _^^+j-^.,„.« + g.,..j + _. 

J 4 ^8m*3! 2 Bin* a:/ 8 2 

3. rBec'a;d«=ii^/'-V+-A_+|') 
^ 2cos'ie\_3cos'x 12 cos* X 8/ 

+ T^log (sec X + tan as). 

4. fco8*«d^ = ^['co8'« + ^co8*« + gco8*a: + gco8a:V?il'- 
J 8 \ 6 ^4 16 / 128 

K /* ■_* i_j_ cosaf/sin'a! sin'a! sinaiN , it 

0. I Bin 3! cos a! Ofl! ^ 1 1 4 — • 

J 2 I, 3 12 8 J 16 

J sin' X 4 sin' ai 8 ain' a; 8 2 

J sm*a!Coa'a! c0B'3!\38m*x Ssina; 2 y 
+ -log(seca! + tana!> 

8. rtan«irseo'a^(to=f*S°!^-^Vec'ar+ ^^"^^"^ 
»/ ^68/ 16 

+ — log(8eoa: + taDiE). 

J 2 V 3 12 ij 

-ilogunf. 



CHAPTER XXVI 
INTEORATION BY SUBSTITUTION 

^^- The substitution of a new variable hae been nsed in Chapter 
XXIII, for the rationalization of certain irrational integrals. We 
shall consider in this chapter some other cases wUere, by a change 
of variable, a given integral maj be made to depend upon a new 
integral of simpler form. 

We shall first consider some substitutions applicable to integrals 
of algebraic functions, and afterward those applicable to integrals 
of trigonometric functions. 

226- Int^irals of form Cf(a^xdx, containing (a + b:^i. One of 
the most obvious substitutions, when applicable, is 3? = z. 

By this, any integral of the form if(!x?)xdx 

is changed into - \f(x)dz. 

Integrals containing (a + &^> are often of this form. 

Take for example } , 

By the substitution af = z, 

/ a?dx _ 1 /* zdx 
vn^~2J vr^' 

This is of the form of Art. 203, and is rationalized by putting 

l-z = u?. 
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The tiro sabctitutioiu in mceessioit aie eqnivalrat to the mngle 
subadtatioD 1 — z* = h^. 

Applying this to the given integral, 

a? = l — K^, xdx = — viiho. 

EXAMPLES 

■ J V2? + l 30 

J. r«'(a=-j!0**i-j|5(6i'-o>t=-6«<)(o'-O*. 

S. r ^_ = -LlogV^+?-°_-Llog ^ 

-* «>/*■ + «' 2a V«' + o' + o 2a (Vi' + a' + a)* 



a Va^ + o' + a 
_3rW + l)I , 






227. Integration of Expreasloni containing Va* — a^ or Va^ ± a', 
by a TriEonometrlc Substitution. Frequently the shortest method of 
treating such integrals ia to change the variable as follows : 
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For Vo' — «*, let xsasiQ^ or x = aeo86. 
For Va^ + a', let a; = atantf or a!=:aoot0. 
For Vai' — o", let ai = aBee0 or 3; = aoosQoA 
For example, find f — ^ — - . 

Letx = asiD9, t7x = acosd(^, 

a* — as* = a* — o' ain'tf = a* cos' ft 



/ dx _ r ocoBgdtf ^ 1. r 
(a' — a:*)* "^ o'cos'tf aV < 

Take for another example ( =^= 



tantf ^ 



Let X = a tan $. 



/ das __ r aaec'ed$ „1 /* 8ec» ^g_ 1 / * dtf 
a;Va* + o' -^ ntanO-aflecfl aJ tanS aj sintf 

sec 6 — cot I 



= i log (cosec $~cot$)=~ k 



Let a; = a sec 0. 



f^^^-r- 



=»/o 



tan g ■ g 36C tf tan g d 
sec tf 

[BeeH-l)d6 = a(tand~ 



; ftan'tf. 
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EXAMPLES 



1 J'v?^rp<to=|V^^^+|%m-'|- 
3 C ^ = Va^+'^ , 

•^ Vie* — a' 

5. f^/^^dx :i^2 + l„g(» + V?+3). 

J «■ 3aV 

10. f -* -JSj. 

J V3 + 2i-«? 2 
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For v'3 + 2a!-a!» = V4-(3!-l)*, let a!-l = 28inA 

12. f ^ = Jg + l _ . 
*^ (x* + 2a; + 3)* 2Va!' + 23!4-3 

For Vie'+ 2 af + 3 = V{x+ 1)* + 2,' let a + 1 ™ v^ tan tf. 

13. f ^_= »-»— . 

14- /■\f^'tc = V(x + 5)(a; + a)+21og(V^+5+V^+l). 

15 r at'diB _ _ (3(i + !c)V2aig — a^ 3o' .^_i ai-a 

■ J V2aa!-a;' 2 "^2 a ' 

228. Subatltntloni for the Integntloa of TrlgonometTlc Functions 

A trigonometric function can often be integrated by transfoiming it, 
by a change of variable, into an algebraic function. For this purpose 
two methods of substitution may be used, as shown in the two follow- 
ing articles. 

329. Snbstlttitioii, sin a; = z, cos a; = z, or tana!=3. 

Consider, for example, /* sina;cosgrfa! __ 
J 1— sin as + COS* a' 

Let 8ina; = z, then a! = sin"'e, dx = — • 

/ ain a; cos a! (te _ r zVl — z* <fe _ /* z^ 

1— sinai + ooa'a! J 1— z + 1 — z* Vl — z* -^ 2 — s— «■ 

''J (2 + 2)(l-z)"' 3J2 + z"''3Jl-z 

— |log(2 + .)-|log(l-.)=-ilog[(2 + sin»)»(l-8in«)]. 
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EXAMPLES 



Jo'+d'tan'a; a*-6*|_ a \a Jj 

3. fi!!ifd« = llogl^£S^ + _l-logl. 
J8m4ar 8 l + sina; 4V2 1 

4. C-_ ^__=llog?i5Jl%!l£25»i. Let 

■I / * _ Biiia!4- 
J Binx + 2 



l,._ l-8inx . 1 .„„1 + V28in» 

V2 ain a; 



Let sin x = z. 



J-2C08X 



6. 



/; 



tanSa; VS tansr+Vs' 



7, Show, by tranaforming into algebraic functions, that only one of 
the following integrals can be expressed in terms of the elemeotaiy 
functions. (See Art. 208.) 






irheie sstanx. 
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230. The Rational Subatltutloii, tan = = >- By this BubstitatioD, 
flin X, cos X, tan x, and dx are expressed rationally in terms of z. Foi 

2tan? 

2a 



1 + tan*^ 



-r+?- 



l-tan'l l-*- 
2dz 



= tan"'z, (ii; = 



l + i- 



It follows that the integral of any trigonometric function of x, 
not containing radicals, may be made to depend upon the integral 
of a rational function of z, and can therefore be expressed in terms 
of elementary functions of x. 

231. To find j : Applying the substitution of the 

le,tan | = z, 

l + z* r 2<to 

, 2 to Ja(l + z^ + 2te 

= r 2a(fa _ r 2a<fe 

J aV + 2a67 + a' J (aa + 6)» + a' — 6* 
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If a > 6, nomerioally, 



r (to 

J a + ft sin 



b sin a> V?^^ V^^^ V^^^ Vt^ - ft" 

If a < 6, numerically, 



/ (to _ r 2a(to _. 1 . oa + fe — 

a+ftsina; J (oa; + ft)' - (6* - a*) yt"— o' (M + 6 + 






= log- 



232. To find C ^ 

i/ a + ocosa! 

dx _ I l+z* r 2(fa 

a + &cos» f ft(l— z^ ~J (a — ft)a' + a4-6 

t/ "'' 1 + z' 

^ 2 r (fg 
a — bJ ^ a + b ' 
a — b 

If a > ft, numeri(sally, 
^a + 6c08a) a-fc>'o + & Va + 6 
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lla<b, numerically, 



/ dx ._ 2_ r <fe 
o + ftoosa: b~aJ ^ fe + « 



6-a 



— ?: — log 

'6' -a' aVft-a+VF+o 

, as , 

6 — otan5+ Vo + o 



= log- 



Vb — a taD o — Vfe + a 



EXAMPLES 

Integrate the following functions by means of the rational sub- 
stitution. 



1. r f =.]^tan-'f2tangY 
j5-3cosw 2^2; 



/it 



r ^ 

J 5 sin a; + 

r ^ 

J a sin a: + . 



log tana^ + 2- V8 

28in2!C 2-^/3 tanai + 2+VS 

3tan^ + 2 



12cos-= 13^"«2tan|-3' 

&tan~a+Vo' + 6* 



bcosx 



= log- 



tan- 

s. r-.^ — -log — ?-. 

Jumx + versi i + ^n* 



'il 
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3 — eiD« + 2cosa: 



f — 

J 6 + 7 



2 
Stan 1 + 1 



'■S<TT^^^^.-I^t±i-H'^^t)- 



233- HisceUaneooB SulwtltntloiiB. Yaiioua substitutions applicable 
to certain cases will be suggested by experience. 

Tbe reciprocal substitution, x = ~, may be meationed as simplify- 
ing many integrals. 

EXAMPLES 

Apply the reciprocal substitution x = - to £x8. 1^ 

*■ J of 3oW 




8a!* 
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-'*V8a!' + 2a!-l 3« 

Let z + 2=2. 

Let X + ^ = ^ 

g / • dx ^1 r ftV 26a! w a + M , 

j3!(a + 6a:)»^o'[_2(a + (>x)» a + hx ^ x ] 

Let a + &x = X2. 

10. f ""'" da = sin IE -sin a log tan^^- Leta: + o = s. 

fc' tan (« + a) 2 



"•/^ 



Substitute 6 + xse^, and the integral takes tlie form of Ex. fi^ 
p. 289. 



13. f^^ 



= V(si + a)(j: + »)+((I-i)l0!t(V?+5+ V; + 6). 



Substitute a; +6 — 2*1 and the integral takes the form of Ex. 2, 
p. 288. 



CHAPTER XXVII 



nTTBORATIOV AS A SUMMATION. DBFIKITB HfTBORAL 

234. Integral Uie litnlt of a Sum. An integi-al may be reg&rded 
and defined as the limit of a sum of a series of terms, and it is in 
this form tliat integration is most teadil; applied to practical 
problems. 

235. Area of cvrrt the limit of a sum of rectangles. Let it be r^ 
quired to find the area PABQ included between the given curve OS, 
tiie axis of X, and the ordi- 

nates AP and BQ. 

Let y = s^ be the equa- 
tion of the given curve. 

Let OA = a, and OB=b. 

Snppose AB divided into 
n equal parts (in the figure, 
n s 6), and let As; denote 
one of the equal parts, AAj, 

AyA^ ... 

Then AB=>b — a = nAx. 

At Ai, A^ •■■, draw the 

ordinates AyP^ AtPt, —, and 

From the equation of the c 

PA^a^, P,^,= (o + 4a!)i, iV4i=(a + 2aas)i, •", QB=.6*. 
Area of reotangle PAi = PA x AAi = a^i^x. 
Area of rectangle PiA, = PiAi x AiAj = (a + Aic) * Aid. 
Area of rectangle PtAi = P^A^x AfAt = {a + 2&x)i ^. 

Area of reotangle P^ = PfAg x A^ = (& — Aai)i ^x. 




plete the rectangles PAu PiA^ ■ 
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The Sam of all the n rectangles is 

aJ 4a! + (o + Aa!)i Aai + (a + 2 A*)* iaj + • . . + (6 — Aa:)* Aaj, 

^rMch may be represented by ^ ^* ^ 

where a;^ 4z represents each term of the series, x taking is aucoes 
sion the values a, a + Ax, a + 24a;, ••-, b — Ax. 

It is evident that the area PABQ is the limit of the aom of the 
notangles, as n increases, and 4ag decreases. 

That is, Area PABQ = Lim^^ "^ xi^x. 

236- Definite Integral. From the preceding article 

^ xi ^x = ai &x +{a + ^x)^ ^x + (a + 2 Ax)i \x + •■.+{b ~ ^x)i ^x. 
The limit of this sum, as ^x approaches zero, is denoted bj 
^x^dx. That is, by definition, 

I xidx = Ijiui^,^^x^^x. 

x^ dx is called the d^nite iittegral, from a to &, of x^4x. 

to be noticed that a new definition is thus given to the sym- 
bol j , which has been previously defined as an anti-differeutial. 
The relation between these two definitions will be shown in the fol- 
lowing article. 

237. Evaluation of the Definite Integral f a;^ da^ This is effected 
by finding a fanotion whose derivative is as*. 

By the definition of derivative, Art. IS, 



£ 



r 



dx\3j 



hA.)l-?^ 



2«i 



--A 
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s ="^+* 

where c ie a quantity that TanisheB with Ax. 
Hence |(a! + 4a!)* — ^=a!* Aaj + fAit 

Substituting in this equation suooessively for x, 
a, o + Aa:, o + 2Ax, ■■-,&— Aj;, 



|(a4-3ia!)*-|(a + 24a!)i=(a4-24!»)*4« + <,4ai 



?|- - 1(6 - AiB)* = (6 - Aa))*Aai + e, 4a!. 

Adding and cancellii^ terms in the first members, 
^--^ = aiAx + (a + ^x)i£^+(a + 2&x)i&x■^•■..+(b-Ax)i^ 

+ «,Aa!+«,Aa! + t3Aa!+ — +e,Aa! 

= 5I*'«*'^ + S*'^- ^^' 

Comparing with the figure, Art. 235, X at^ Ax, as we have befora 
seen, represents the sum of the rectangles, and ^ i Ax represents 
the snm of the triai^ular-shaped areas between these reotaagles and 
the curve. 

The latter sum approaches the limit zero, as Ax approaches zera 
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Jfoi if 4 is the greatest of the quantities ^ %, ■•• ^ it follows that 

that is, '^\ax< tt(b - a). 

As cjt vanishes with &x, 

Taking the limit of (1), 

that is, Cx^ dx = ^~-^- = Area PABQ. 

Thus the value of | x*<ix is found from the integrsl 

by substitntii^ for x, b and a in snccession, thus giving 
2&*_2aj 
3 3 ■ 

The piocesB may be expressed 

_2xh* 26* 2ai 



J' 3 I, 



Thie is called integrating between limits, the initial value a of the 

variable being the loroer limit, and the final value h the upper l^U. 

In contradistinction 



B called the inde/inite integral of x^dx. 
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238> Oenenl Definition of Definite Integral In general if /(z) is ft 
giyen function of x nrhich is continuous from a tab, inclusive, the 
definite int^^al 

J/(a))(toj-« Lima^o /(o)ia! +f(a + da!)Aa +/(o + 2 ^)A« 
U jf{x)diXB=F(x), the indefinite integral. 



X' 



f(x)dx^F(b)-~Fia) (1) 

This may be iUostrated by the area bounded by a curve as in Art 
236, by supposing y =/{">) to be the equation of the curve 0^. 
The proof of Art. 237 may be similarly generalized by substitut- 

ing/(«) for x\ and F{x) for ^ . 

Greometrically the definite integral I f(x)^ denotes the area 
swept over by the ordinate of a point of the curve y=f(x), as aj 
varies from aUt b. 

It is to be noticed that in Art. 192, by a somewhat different course 
of reasoning, we have arrived at the same result, 
Area PABQ = ^^(6) - F{a). 

239. Constant of Integration. It is to be noticed tliat the arbitrary 
constant Q in the indefinite integral disappears in the definite 
integral 

Thus, if in evaluating i x^ dai, we take for the indefinite integral 
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EXAMPLES 
1. Compote ^ is'dx fot different values of AtB. 
When &x = .2, 
S/i» = (1* +- fa* + O' + fS* 

+ 1^ (.2) = 2.04. 
When Aas = .1, 
^^3^Ax = (l* + TT + lJ!?+ ■ . . 

+ r9')(.l) = 2.18. 

When Aa; = .OS, ^ Via; =2.26. 

Linii^gy ia! ==Cydx = ^^ 

= ?^ = 2.33. 

Curve OS, !/=a!'. 0A=1, 0B=2. 
Area J'.ilBQ= 2.33 square units. 

8. Compute V — for different values of Ajb. 
When Aic=l, 

Wl6n4»-.6, 5*^-1.593. 
Wlien4«-.l, 2*^ = 1.426. 
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8. Compute V a: AiB, when AiB = 1 ; whenAa; = .5; wbeaAx = .2. 

' Ana. 18; 19; 19.6. 

Find Lim^^rfV xOtx. Ana. 20. 

4. Compnte^ --■■ — -, when Ax ==.2; when Aar^.l; when 
Aar=.06. "l + a; ^^ .833; .810; .79& 

FindLim,^2l'i-^- '*'"■ |= ■''*^' 

5. Compute 2 logm^Aa!, when Az = l; when Aa! = .6; when 
Aa:=.3. "" ^ns. 3.121; 3.150; 3.161. 

FindLim^^ ^"logioxAa. Ana. 131ogu,13-31ogMe- 10=3.177. 

6. Compute V tan^A^, whenA^=:6'*=;^; whenA^ = ^; when 

*»i 36 60 

4* = ^' * Ana. .316; .328; .340. 

Find LiMa^ T tan ^ A^. Ana. log. V2 = .346. 

7. f(«--4)^.d. = ii5. 8. f— "-^-,2. 

-'• 6 J. V^ + 144 

9 r* t^y .^T 10 C* (to IT 

11. f.^ = tou-V-f 12. fl^-2™'. 
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13. r* (te _, } 

' J' VCa! - 2)(3 - at) *' 14- ^ 8inV£i* = ^ 



16. I Tets'S 



TVS 



4 16 

17. f' c°»28-co.2a ^^ ,^^^ 
fc'o COS tf — COB a 3 

18. r_^*L, = lI_61og2. 
Jo (a! + 2)» 4 * 

"• X' l4.2. + 2X2,. + :^ -i'°«"">- 

20. rVsiiiir(ic = Tr-2. 

21. £x\os{x + a)d^ = ^\oz{Sa)-t. 
7St. r'taii-'|da! = )r-log4. 

23 P ic'tfa' _ 1 f'^_ij, -\a\ 

■ X it^ + a%a?-^b^ a + b\i: ^ 1/ 

By (5) and (6), Art. 223, we find 

I Bm"a!dx = ^^-^— 1 Bin"-'a;dai 

j COB" a; da: =^^^^^ j coa""* ai eta j 
from ^hicb derive the following results : 
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34. If n is ereia, 

W. Itniaodd, 

Jo Jo 3.6-7".n 

240- Sign of Definite IntegraL In considering the definite inte- 
gral j f(x)dx, we have supposed a<b, aaA/(x) to be positive be- 
tween the limits a and b. ^ 

If /(at) is negative from ir=at03! = 6, i fi"')^ being the sum 
of a series of negative terms, is negative, and consequently 

rf (x)dx is negative. 

Ji f{x) changes sign between x=sa and Qs = b, I f{x)daB is the 
^gebraio sum of a positive and a negative quantity. 




008 X da; = — 2 = area BOD. 
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f eoszdzB— l_l— 3. 

jr'oo8irda! = = l — 2 + 1. 
The change of eign resulting from a < 6 is considered in Art 243. 

241. Infinite Limits. In the definition of a definite integral the 
limits have been assumed to be finite. When one of the limits is 
infinite, the expression may be thus defined : 

J^ "/(*) *» = Lim^ jji^) ^ 

For example, consider Ex. 12, p. 312, 

Jo a^ + ia' Ji,3? + i<^ \ 2a) 

Eefetring to Art. 126, we find the geometrical interpretation of 
this result. 

The area included between the curve, the axes of X and T, and a 
variable ordinate, approaches the limit 2ira*, as the distance of the 
ordinate is indefinitely increased. 

Applying the same process to | — , we find 

Lim^. I — = Lim,_ Ic^ 6 = oo . 

In this case there is no limit, and the expression I — has no 
meaning. ' 

242. InflnitB Talnea rf /(a:). In the definition of J f(x)dig, f(x) 
is assumed to be a continuous function from x = a to x = b. If 
f(x) is continuous for all values from a to 6 except x='a, where it 
is infinite, the definite integral may be defined thus : 



jf /(«) d* = Lim»., J^' / (x) dx. 
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If/(i)HQ0, /(3;)beiiigcontiQuouB for other values of % 
jr/(a!)(iB = Liin^J^'"/(a;)das. 

For example consider Ex. 9, p. 312, 
Here— — =1— = 00, when y = a. 






ADOther example ib Ex. 13, p. 313, 

r. 



V(x-2)(3-a) 

Here — ■ - . ■■ , „ = co, when a; = 2, and also when « ■• 3. 

V(a!"2)(3-a;) 

Hence f '^ =Lim^ f' — "^^ 

*^» V(«-2)(3-a:) '^ V(»-2)(3-a!) 

=3Lun,^8m->(2«-5)l''"*=Lim^[8in-'(l-2A)-8in->(-l+2ft)3 

= sin-'l — ain-'(— l} = ir. 

If /(ic) IB infinite for some value c between a and b, and is con- 
tinuouB for other values, the definite integral should be separated 
into two. 

C/{x)dx=rf(x)dx+rf(x)dx. See Art. 243. 
These new definite int^rals maj be treated as already explained. 
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EXAMPLES 

243. Change of Unit*. The sign of a definite int^ral is changed 
by the traoapoBition of the limits, 



£/{«:) dx £f(x)dx. 



This is evident from (1), Art. 238, and also from the definition. 
For if X varies from 6 to a, the sign of A* is opposite to that where x 
varies from a to 6. Hence the signs of all the tenns of i /(jb) ^ 
will be changed, if the limits a and h are transposed. 



£f{x)^=-jj{x)dx. 



A definite integral may be separated into two or mote definite 
integrals by the relation, 

£f(x) €bi=£f(x) dx +J^ /(*) da 
This follows directly from the definition. 

244. Change of Limits for a Change of Variable. When a new 

variable is used in obtaining the indefinite int^p-al, we may avoid 
retnming to the original variable, bj changing the limits to oorr» 
spond with the new variable. 
Fox example, to evaluate 



X' dx 
- 1 + Vi 



V» 



■y/x^». 
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Now when x = i, zss2; and when x = 0, x m 0. 

= 4-21og3. 

EXAMPLES 
1. J^x-v^+2da! = ^. Let »+2=«'. 



f(.-2).. 



3« + 5 



Let a;— 2-B«: 



*• J. V2ra-aJ|fc = !j'. Let «-a = o«mft 



«■ X' '^^ + !.'^^'' ifc-V5-|. Let ;..l + 2.m». 

6- X V(» - a)(6 - It) *. = I (6 _ a)'. L«t i-cira-^ + Jsm"* 

8. XVv?: 
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246. Definite Integral as a Snm. In the application of integration 
it is often convenient, in forming the definite integral from the data 
of the problem, to regard | /(z) dx as the sum of an infinite number 
of infinitely small terms, f(x)dx being called an element of the 
required definite integral. 

From this point of view, 



r 



f{x)dx=fia.)dx + f(a + da)dx+f(a + 2dJ>)dx+ — +/(6)da!. 

This may be regarded as an abbreviation of the definition of a 
definite integral given in Art. 238. 



CHAPTER XXVin 



APPUCATIOH OF IHTEORATIOH TO I^JUTB CURVES. 
APPLICATION TO CEHTAHf VOLUMES 

246. Aieaa of Currei. Rectangular Cooidinates. We have alread; 
used this problem as an illustration of a definite integral. We will 
now consider it more generally, and derive the formula for tlie area 

in rectangular coiirdiiiatea. 

247. To find tbe area between a given curve, the axia of X, and two 
given ordinatea AP and SQ ; tliat ia, to find the area generated by the 
ordinate moving from AP to 

Let OA-^a^ OB = b. 

Let X and y be the cobidi- 
nates of any point P, of the 
curve; then 

a; + Aar, y + iy, 

will be the coOidinates of P^. 
The area of the rectangle 
PtAiA, is 

The sum of all the rectangles PAA^ Pi-A-tAi, PfA^ — , maybe 
represented by X^y Ar. 

The required area PQBA is the limit of the sum of the rectangles, 
as Aai is indefinitely diminished. That is 




4.=J ydx, 



• By Art. 24&, one readily aeea that this rectangle repregeiitfl an element oj 
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the lower limit a = OA, being the initial valae of x, and the nppei 
limit b = OB, the final value of x. 

Similarly the area between the curve, the axis of T, and two 
given absclBsaB, OP and HQ, is 



i=jr'.*, 



the limits of integiation being the initial and final values of y, 
g=OQ, andft=0^. 

EXAMPLES 
1. Find the area between the parabola ^=:4az and the axis of 
X, from the origin to the ordinate at the point (h, ft). 

Here A=('ydx=C2a^x^dx 

3 |o 3 ' 

Since ft*=4etA, ft=2<iUi which 
givea 

.4 = I A 2 o*ft* = ? Aft = I OJfPif. 




3. Find the area of the ellipse 
Area BOA 




• In finding areas, after the element of area and the limilfi of integration 
ohoaen, the pro'blem reduces to tbe evaluation of a definite integral. 
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The entire area = ira&. 

Or we may integrate by letting x = a sin ^ 

Then rVo'-a!»dr = a*jrco9'0ti*=|' r'(l+co82*)d^==^. 



3. Find the area included between the parabola x* = 4 ay, and the 

witchy= .^°* • Ans. (2-r-f)a\ I 

ar + 4 a V •>/ , 

Having found the point of intersection P, (2 a, a), we proceed aa 
lollowB : I 



Area ^0P= AOMP- OMP 



. a!' + 4a» Jo 4o 8 * 



Area between two curves 



4. Find the area of the parabola 

(y-6)' = 8(2-ai), 
on the right of the axis of 71 Jbu. 10}. 

* Length of element of area U the jf of the witch mlnu* the jf of the parabola. 
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5. Show that the area of a sector of the equilateral hyperbola 
a!* — y" = a', included between the axis of X and a diametet throt^^ 
the point (a^ y) of the ourve, is — log ■ *" *• 

6. Find theentire area vithmtheonrre (Art. 133) [-] +(|] —1. 



7. lind the entire area within the hypooyoloid (Art 132) 
ic* + y*=a*. Let a! -o sin" 0. Ana.^—- 



2a-x 
and the line x=a2a, its aaymptote. Am. 3 «V. 

9. Find the area of one loop of the curve (Art. 134) ah/' = c?^ — a?. 

Am- -rr-- 



(i^f)f 



10. Find the area of the evcdate of the ellipse (Axt 167) 
(a«)i + C«'=(<.'-S^». A„. ^^~^ 

11. What is the ratio between a and b, when the areas of the 
ellipse and its erolute ate equal f 

An>. ? = ^+:i^ = 2.1L 

18. Had the area tnoladed between the parabolas 

S* = a« and 3? = by. Am*. ~ 
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13. Find the area included between the parabola 

^■=20! and the circle jf=ix~^. Ans. 2 



('-D 



14. Find the area included between the parabola 

g'wmiax, and ita evolute (Art. 167) 27 ay* = 4 (« - 2 a)». 
Ana. 



352V2. 



15 

Parametric Equations. Instead of a single equation between x aud if 
for the equation of a curve, the relation between x aud y may be ex- 
pressed by means of a third variable. Thus the equations 

a! = oain^ y = acos^ (1) 

represent a circle ; for if we eliminate ^ from (1) we hare 
«' + J)" =3 a* (sin* + cos' ijt) = a'. 

Equations (1) are called the parameb-ic equations of the circle, and 
the third variable ijt is called the parameter. 
The formula A= i ydx is applied to (1) by substituting 

y = a cos ijtf dx = a cos •^ di^ 
For a quadrant of the circle 

A= C''ydx= Ca'coa'4>d<t> = ~. 

15. Find the area of one arch of the cycloid (Art. 284) 

X = a (il> — sin ijt), y = a(i — cos ^). Ans. 3 xo*. 

16. The parametric equations of the trochoid, described by a poiiit 
at distance b from the centre of a circle, radius a, which rolls upon a 
straight line, are 

X = a<p — b sin <i>, y =a — b cos <ft. (Art. 292) 

Find the area of one arch of the trochoid above the tangent at the 
lowest points of the curve. 

Ans. IT (2 a + 6) 6, when 6 < a or 6> a 
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248. Areas of Cuires. Polar CoiinUnates. To £nd the Area POQ 
included between a Given Curve PQ and Two Given RadU Vectores ; that 
is, to find the area generated by the 
radius vector turning from OP to 
OQ. 

Let POX=a, QOX = p. 

Let r and 6 be the co5rdinates of 
any point P^ of the curve, then 
r + Ar, e + Atf, 

will be the coflrdinates of Pj. 

The area of the circular sector 
P^ORt is 



The sum of the sectors POB, P,OR., P^OIit, —, may be rep- 
resented by , s 1 

The required area POQ is the limit of the sum of the sectors, 
as A$ approaches zero. That is, 

the initial value of 0, a= POX, being the lower limit, and the 
final value of 6, fi= QOX, the upper limit. 

EXAMPLES 
1. Find the area of one loop of the curve (Ai-t 144) r = a sin 2 9 

A = l rV(M==J f'a>am'20d&^ff\l-iiOBiff)d6 
_ aV. sin4f\'^_ wa' 
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The entire area of the f onr loops = -^, 
irbidL is half the area of the circimiscrifaed cinle. 

%. Find the entire area of the circle (Art 135) T^^amaS. 

An». ^. 
In the two fellowiag curves find the area described by the radius 
Tcctor in moving from S = fi to (! = j. 

3. r = 8ectf + tanA --i"*- V2-^. 

4. r = aa-tan»tf). Aia. (^~^<^. 

5. Find the entire area of the cardioid (Art. 141) r = o(l— cos tf). 

Ans. ^ , or six times the area of the generating circle. 

Also find the area from tf=- to tf = ~. Ana. (3^ — 2)~ 

4 4 8. 

6. B'ind the area described by the radius vector in the parabola 
(Art. 139) r = a8ec»|, from tf = Ototf=|- Aiia. ^■ 



Also find the area from = ^ to : 



J' ^. «<•■ 



7. Find the entire area of the lemniscate (Art 143) r^^a* cob 2 0. 

Ans. o*. 

8. Show that the area bounded by any two radii vectores of the 
reciprocal spiral (Art. 137) r0=a is proportional to the difference 
between the lengths of these radiL 

9. In the spiral of Archimedes (Art 136), r = a$, find the area 
described by the radius vector in one entire revolution from $ = 0. 

Also find the area of the strip added by the nth revolution. 

Ana. &{n-l)-w'a.'. 
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10. Find the area of the part of the circle (Art. 135) 

2 

8 2 

11. Find the area common to the two circles (Art. 135). 

r=aBia$ + b&M9, r = aeo30 + bBia$. 

An». f^ + 2tan->^'l^4^-^^^> Tflierea>6. 
\2 aj i 4 

12. Find the area of the loop of the Folium of Descartes (Art. 127) 

Sotari^aectf j 3a* 

l + tan»tf ' ■ 2 ' 

13. Show that the line r- ^naeog (a! + y=2a), divides the 

1 + tan a 
area of the loop of the preceding example in the ratio 2 : 1. 



14. Find the entire area within the c 
part being counted twice. 



e (Art. 145) r = a sin* ^ no 
Am. (10ir + 9V3)^. 



249. Lengths of Curres. Rectoneutar CoOidlnates. To find the 
Length of the Arc PQ between Two Olven Points P and Q. 

Let OA=:=a, OB = b. 

Denoting the required length of 
are by s, we have from (1), Art 165, 



*-V^'^ 



and between the given limits 



(1) 





Y 


b Q 




^/^ 




/ 


/ 

9 


h 














the limits being the initial and final values of x. 
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We may kIbo use the formula 



the limits being the initial and final values of y, 
g=OG, and h=OE. 

EXAMPLES 
1. Find the length of the ate of the parabola y' = 4a«, from the 
vertex to the extremity of the lafcua rectum. 

Hen, §2-4 

therefore a =j['Yl + ff dx ^JY^V dx. 

This may be integrated by Ex. 13, p. 305, making &=0. 

r/a + x\i ^ _ -/^^Ijip + a log ( "/ST^ + Vx> 

jTY^i^y dir = a [V2 + log (1 + V2)] =2.29558 o. 
Of ire may use the formula (2), 

4a dy 2a 

- j; [I ^?+W + 4|-' log (J + ^q:w>^ 

-a[V2 + log(l+ V2)] 
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2. Find the length of the arc of the semicubica] parabola 
(Art. 130) af = 3?, from a; = | to as =. 5a. Am. — . 

3. Find the entire length of the arc of the hypocyoloid (Art. 132) 

a!* + i/* = o*' Ana. 6a. 

A. Find the len^h of the arc of the catenary (Art. 128) 

from 2 = to the point (x, y). Ana. s (^ ~ ^ ')■ 

5. Find the length of the arc of the curve 

y = log8eca!, from a! = toa;=^. 

Ana. log(2+V3) 

6. Find the length of the curve 

6a:3/ = ai*+3, from a; = l toa! = 2. Ana. ^. 

7. Find the perimeter of the loop of the curve 

9af = (x-2a)(x-5ay. Ana. 4VFa. 

8. Find the length of that part of the evolute of the parabola 
(Art 167) 27 ai/* = 4 (« - 2 a)* included within the parabola f_= 4 ax. 

Ana. 4(3V3-l)a. 

9. Find the length of the curve 

y = log ■ - ~ -, from x = l to X = 2. 

e" + l Ana. log(e + c-'). 

10. Findthelengthofoue quadrant of the curve (-] +(i} = ^- 

a + b 

11. The parametric equations of acurve are a5 = e*8in0, y = e»coeA 
Find the length of ai-c from tf = to « = |. Ana. v'2(e!-l). 
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12. The parametric equations of the epicycloid, the ra^ns of the 
fixed circle being a, and that of the lolIing circle % are (Art. 131) 

x=|(3cos^-cos3^), 

jf-|(3sin*-sin3*X 

^ being the angle of the fixed circle, orer which the small circle has 
loUed. 
Find the entire length of the cnrre^ Ana. 12 a. 

2S0. Lengtlis of dures. Polar Coordinatea. To find the laocth 
of the Arc PQ between Two Oiven Pointa /> and Q. 
Let POX=a, QOX=fi. 
We have from (3), Art. 156> 



dSi 




-=[-(1)7 



•=r[-Ki)7^' • • « 

the limits being the limiting values 
ot$. 

Orwehave ds=^l+i4^^ dr; (2),Art.lB6, 

therefore g = jTl + X^*^ dr, (2) 

the limits being the limiting values of r. That is, OP=a, OQ = b- 

EXAMPLES 

1. Find the length of the arc of the spiral of Archimedes 

(Art 136), r = ad, from the origin to the end of the first revolution. 

Here rf^ ~ *^' ^^^ "^ ^^^ ^y tl)> 
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. =. f '' (aV + a^*<» = o f " (1 + «0f<» 

= ar,Vr+4?+ilog(2r+ Vr+4?)1 
Or ire may use the formula (2) 



= arwV4^ + l+|log(2ir+VflFTl)]. 

3. Find the entire length of the ciiole (Art. 135) r = 2 a sin 0. 

.^Ins. 2^0. 

3. Find the length of the arc of the circle (Art. 135) 

r = aBme + bcoe$, from tf = to(r,fi). Ane. y/a' + b'$. 

4. Find the length of the logarithmio spiral (Art. 138) r = e**, from 
the point (ru ^i) to (r^ 6^, using the foi'mula (2), and the equation 

= ]2sj:, A^^l^±l(, 



Ans. ■ 



Hr,- 
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& Find the entire length of the oardioid (Art. 141) 

r =a (1 — cos ff). Atu. 8 a, 

Also show that the arc of the upper half of the curve is bisected b; 

6. SolveEx. 5bjriiBiDgformnla(2)and the equation {) = Ter8~'— 

7. Find the arc of the reciprocal spiral (Art. 137) r$ = a, from 

8. Find the arc of the parabola (Art 139) r = a sec* ^ from 

fl = Ototf = |. Ana. f Bee 2 + logtxa?-^ 

9. Find the entire length of the arc of the curve (Art. 145) 

r = a sin* -. Am. - 



SttQ 



Also show that the arc AB is one third of OABC. 
Hence OA, AB, BC, are in arithmetical progression. 

10. Findtheentirelengthof theourve r = asin'— , nbeiogaposi- 
tive integer. ^ 

See for int^ration Exs. 24, 25, p. 314. 

^Ins. - — 7r'T~~~7~ 2 a, when n is even. 

1 -3 -5 ■■. (n — 1) 

■ . ' ' — '"" ^, wa, when » is odd. 
3-4.6...(»-l) 
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25L Volumes of Surfaces of Revolution. To find the Volume gener- 
ated by revolving about OX the PUne Ares AP^. 

Let 0^ = 0, OB = b. 

Let X and y be the coordinates 
ol any point Pj of the given 

It is evident that the rectaji- 
gle PiAtA^ will generate a right 
cylinder, whose Toluine is 
ffi/' Aa;. 

The sum of all these cylinders 
may be represented by 

The required volume is the limit of the sum of the cylinders, as 
Ax approaches zero. That is, 

Similarly the volume generated by revolving PCfHQ about OT is 
where OG = g, and 0H= h. 




EXAMPLES 
1. Knd the volume generated by revolving the ellipse 

ftbont its major axis, OX. This is caHed the prolate spheroid. 
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2. Find the rolume generated by reTolving the ellipse about its 
minor axis, OT. Thia is called the oblate spheroid. 



'S^O'^wi^-^'"-^- 



3. If the parabola ^ = 4 ox is revolved about OS, show that the 
Tolome from iE = 0tox=2ai& one third the volume from x = 2a 
to tc =3 4 a. 



4. Find the volume generated by revolving the segment LOL* of 
the parabola about the latus rectum LL'. 



Here -^^'f (P^'dy = )r (""(o — !c)*dy 



S. Find the volume generated by revolving 
about OX one loop of the curve (Art. 134) 

ay=aV — i/. Aius. ^^t*^- 



'/^: 



6. Find the entire volume generated by revolving about OX" the 
hypocydoid (Art. 132) a;* + y* = a*. Ana. ~ nc^. 



7. Find the volumes generated by revolving about OX, and 
about Or.the curve (Art. 133) ('-V + Z'^'J =1. 
32 
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8. The part of the line - + 2=1, intercepted between the co6i> 
dinate axes, ia revolved about the line X'mia. Find the included 
volume. Am. |«o'6. 

9. The segment of the parabola, a^ — 3as + 2y = 0, above OX, is 
revolved about OX. Find the volume generated. Ana. 5i5. 

10. A segment of a circle is revolved about a diameter parallel to 
its chord. Show that the volume generated is equal to t^at of a 
sphere whose diameter is equal to the chord. 

11. Find the volume generated by revolving about OFthe witch 
(Art. 126), y = -^^^,from(0,2a)toy = a. Am. 4(log4-l)wa». 

12. Find the volume generated by revolving the upper half, 

ABA'OA, of the curve (Art. 133) /-Y + (^, = 1, about the tangent 
at B. ^^^ ^''^ . fZ X 32\ , - 

13. Find the volume generated by revolving about OX the area 

included between the ellipse — + 2; i« 1, and the parabola 2 ai/' = 3 b^x. 
IT 0* IQ 

Ans. j^Tofe'. 

14. A segment of the catenary (Art. 128), y = -(e' + e "), by a 

chord through the points x = ±a log2, is revolved about the tangent 
at the vertex. Find the volume generated. ,„„ „„ . 

^"•- (i-f '°«'')'^- 

16. Find the volume generated by revolving about the latus reo- 



\ So a] 
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2S2. Derivative of Area of Surface of ReToloUon. In order to 
obtain tlie formula for the eurf&ce generated by the reTolution of a 
given arc, it ie necessarj' to find the derivative of this surface with 
respect to the arc. 

Let S denote the surface gen- 
erated by revolving abont OX 
the arc s, AP. 

Using for abbreviation the 
expression " Surf ( ) " to denote 
"the surface generated by re- 
volving ( ) about OX," we have 

5 = Surf(fl), 45 = Surf (4a). 



This may be written 

Surf (48) 




4S=.- 



. Surf (Chord PQ). 



(1) 



Henoe 



Surf (Chord PQ) 

ySow the surface generated by the chord PQ ia the convex surface 
of the frustum of a right cone, which is the product of the slant 
he^t by the circumfei-ence of a section midway between the bases. 

Surf (Chord PQ) = 2 ^(iM±M\ chord PQ 

= 2 y V + y + ^y Chord PQ 

= ir(2y + 43^)ChordPQ. 

Substituting this for the last factor in (1), and dividing both sides 
1^ 48, we have 

45' _ Surf (4a) 



4s Surf (Chord 7*©) 



-■(2ff + Ay) 



Chord PQ 



Taking the limit of each member, as 4s approaches zero, notioing 
°~"Surf (Chord P® ' 
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and Lim^^5^5£LPe=i, we have 



^s 



dS_ 



&8 



Sitnilarly if OP" ia the axis of revolution, 



da 



253- Areas of Sutiacea of Rerolntion. To find tlie Area of the Sur- 
face generated by rerolving about OX the Arc PQ. 

By the preceding article we have 
dS_ 



ds 



'S'l/; 





V 


6 


5 


G 

/ 

< 


a 

/] 

9 


4 


rs 



= f2wyd8. 

To express this in terms of x and 
y, we have from (1), Art. 155, 

which ^ves 

If or" is the axis of revolution, 

Ot we may use d8= 1 + /— J \ dy, 

ftnd instead of (1) we have 

aad imleiid of (2) S.^i^J'Jl+f^Xl d). 



(2) 



(10 
(2) 
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EXAMPLES 

1. Find the area of the sarface generated by revolTing about OX 
the hypocjdoid (Art. 132) xi + yi = ai 

Here y = (a*- mi)*, ^= - (al -ajJ)*!^ 

Using (1) |«, = 2^jr*(aS-»l)*rH-«i^*d^ i 

- 2 »-jr V - **)* ^ *« = 2 *o*r(o* - « w* (ii 

6irq* o _ 12iro' 

" « ■ *'■- 6 ' 

Or we may use (1') ^ = - (a* - y*)*j/~** 
ay 

2. Show that the area of the surface generated by reTolving the 
parabola j* = 4 oat, about OX, from 3; = 0toa)=3a, is one eighth of 
that from x = 3atox=lSa. 

3. Find the area of the surface generated by revolving about OX 
the loop of the curve 9 ay* = « (3 a — «)'. Ana. 3«i*. 

4. Find the surface generated by revolving about OX, the arc 
of the curve 6 o' aw = a;' + 3 a*, from z=atoa; = 2a. ._ 

5. The arc of the preceding curve from x=at02; = 3a, revolves 
about OT. What is the surface generated? Ana. (20 + log 3)^0'. 

6. Find the surface generated by revolving about OF the curve 
4 !f = x* — 2 log 2!, from a; = 1 to x = 4. Ana. 24 r. 
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7. Find the entire Bnrface generated by reTol-ring about OX tbe 
ellipse 3 «=« + 4 y» = 3 a- Ana. (^ + J^)^». 

8. Find the entire Hurfece generated by reyolving about OF the 
preceding ellipse. ^^, (4 + 31og3)2^ 

9. Find the surface generated by revolving about OX a looj 
of the curve 8 aV = aV — le*. j^ jfl^, 

10. An arc, subtending an angle 2 a, of a circle whose radius is a, 
revolves about its chord. Find the surface generated. 

Ana. 4T<^(sina— acosa). 

11. Thearcof the catenary(Art. 128)y = |[e; + e~i], from x = a 

to a! = 2 a, revolves about F. Find the surface generated. 

Am. (c' + 2e-' — 3e-^«al 

12. The parametric equations of a curve are 

sc 13 e* sin f), y = c* cos A 

Find the surface generated by revolving the arc from tf = to 
fl=|, about OX. Ana. 2V2£(e- _2). 

13. Find the surface generated by revolving about OY the arc of 
the preceding example. ^^^ 2V5x,2e"+l) 

14. The parametric equations of the epicycloid, the radius of the 
fixed cii-cle beiug a, and that of the rolling circle - (Art 131^ 

are ai=5-^cos^ — ^cos3^, y = -^Bin^— ^sinS^ 

Find the entire surface generated by revolving the curve about OX 

Ana. |^o» 

15. Find Uie surface generated by revolving one aroh <^ the pre 
ceding curve about OY. Ana. dira*. 
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254. Tolnme bjr Atea of SectloB. The volame of a solid may be 
found by a. single int^ratioii, when the areas of parallel sections 
can be expressed in terms 
of their perpendicular dis- 
tances from a fixed point. 

Let ns denote this dis- 
tance by X, and the area 
of a section, supposed to 
be a function of :b, by X. 

The volume included 
between two sections sep- 
arated by the distance dx 
will ultimately be Xdx, 
and we have for the volume of the solid 




r=j'xdx, 



the limits being the initial, and final, values of a 



EXAMPLES 

1. Find the volume of a pyramid or cone having any base. 

Let A be the area of the base, and h the altitude. 

Let X denote the perpendicular distance from the vertex of a seo 
tdou parallel to the base. Calling the area of this section X, we 
have, by solid geometry, 

A ft" A* ■ 

Hence, 

3. Find the volume of a right conoid 
with circular base, the radius of base being 
a, and altitude ft. 

0A = BC=2a, BO=CA~h. 

The section RTQ, perpendicular to OA, is an isosceles triangle 
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Let X = OP; then 

X=a.Ka, BTQ = PT y. PQ = k->/2 ax-^. 

Hence, V^f" Xdx^hC" ^2ax-^tla = ^^ 
This is one half the cylinder of the same base and altitude. 



3. Find the volume of the ellipsoid 

a' 6* c* 

Let ns find the 
ttrea of a Bection 
C'B'iy perpendicular 
to OX, at the dis- 
tance from the origin 
OM=x. 

This section is an 
ellipse whose semi- 
axes are MB' and 
MO. 

To find MS, let 
2 = in (1), and we 
have 



(1) 









^^ 


T 


V-Tf: 


r ^' 


M 


i '■' J- 1 1 


K_^^ 


^ 


1 /•t\\J'- 


^^^^T^ 


^ 


^-f^fW/ 


y/ 


"^ 


D 



.v=iB3'=5v5'ir?. 



To fiikd MO, let y = in (1), and we have 

a 
■Jhe area of the ellipse (Ex. 2, p. 321) is » (jra') (JlftT). 

and r-2f'xdx-^^(\a'-af)ili-^^olK. 
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4. A rectangle moTes from a fixed point, one side varying as the 
distance from the point, and the other as the square of this distance. 
At the distance of 20 feet the rectangle becomes a square of 3 feet 
What is the volume then generated? Ans. 45 cubic feet. 

fi. The axes of two right circular cylindera having equal bases, 
radius a, intersect at right angles. Find the volume common to 
the two. (See Fig., p. 369.) -^ 16 1^ 

■ 3 

$. A torus is generated by a circle, radius 6, revolving about an 
axis in its plane, a being the distance of the centre of the circle from 
the axis. Find the volume by means of sections perpendicular to 
the axis. Ana. 2 ir'aV. 

7. A football is 16 inches long, and a plane section containing a 
seam of the cover is an ellipse 8 inches broad. Find the volume of 
the ball, assuming that the leather is so stiff that every plane cross- 
section is a square. Ans. 341^ cu. in. 

8. Given a right cylinder, altitude h, and radius of base a. 
Through a diameter of the upper base two planes are passed, touch- 
ing the lower base on opposite sides. Find the volume included 
between the planes. ^ f _ 4\ ji 

9. Two cylinders of equal altitude Ti have a circle of radius a, 
for their common upper base. Their lower bases are tangent to 
each other. Find the volume common to the two cylinders. 



CHAPTER XXIX 
SUCCESSIVE INTEGRATIOIT 

2SS. Definite Double Integral. — A double integral is the integral 

of &□ integral. 

Thus, X and y being independent variables, the definite double 
iutegpJ, ., ^c 

X X ^^'^'y^^^^' 

indicates the following operations: 

Treating le as a constant, integrate f(x, y) with respect to y 
between the limits d and c ; then integrate the result with regpeot 
to 35 between the limits b and a.* 

For example, 

jr*'j[ V(& - 3)dx dy = jr^(6y - ^dx = jf'i'l* do) 



Notice that the order of the two integrations is indicated in the 
given definite integral by the order of the differentials dxdy, taken 
from right to left, the pairs of limits | j being used in the same 
order. ^- '''' 

It should be said, however, that the order of the integrations is 
denoted differently by different writers. 

256- Variable Limits. — The limits of the first integration, instead 
of being constants, are often functions of the variable of the second 
integi-ation. 

• ndng pArentbeees, this mlgbt be repreeented by ( (| /(z, jr)i^]d3s. 
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For example, 
Jp J* a^ dff (to =jr"^|)% d!/ = |jr"(3 y» + 2 ay* - aV)dy = ^. 

As another example, 

When the limits are all constants, as in Art. 255, the order af the 
integrations may be reversed without affecting the result. That is, 

ff'Ab - y)dx dy =j"J''a?(b - y)dy da:. j 

Where the definite integral has variable limits, the order of integra- 
tions can be changed only bj new limits adapt«d to the new order. 

257. Triple Int^^T'lB. — A similar notation is used for three suo- 
cessive integrations. Thus 

X'X'X""^ *K dy dz =j'£l^^dx dy 

-¥X1--=f(f-l)=f(--'^ 

EXAMPLES 
Evaluate the following definite integrals: 
1- ££^{x-y)dxdy = ^{_a-b). 

2. jr*rVsin*drdtf = 2_zZ(coB/8-coa«). ! 
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6. f'C \xy---fdydx=Q(f. 

Ja J.«.t \ 16/10 

9. C C^ 9,10.(2 ^-S)d0d<^ = — • 

JoX x' + f 2 " 

.8. jf"jr'jr('»' + y* + 20*«dy'*^ = ^(a* + 6* + c*). 

.S. Iff B\a(^syz)d!edyd£ = ~- 

I f i uvuidudv{fw =— ^■ 
Jo ^ J.-, 18 



CHAPTER XXX 
APPLICATIONS OP DOUBLE nTTEGRATION 

258. Moment at InertU. If r,, r„ r„ —, r. are the distaoceB from 
a. given line, of n particles of masses m„ nti, ?»,, ■■■, m,, the sum 

miri* + m,rj* + 7n,rg'+ l-m.r,'=5j(mr^ 

ia defined in treatises on meclianics as the moment of inertia of the 
system about the given line. 

The moment of inertia of a continuous solid about a given line is 
the sum of the products obtained by multiplying the mass of each 
infinitesimal portion of the solid by the square of its distance from 
the given line. 

The summation is then effected by integration, and wo have for 
the moment of inertia of a body of mass M, 

259. Moment of Inertia of a Plane Area. The moment of inertia 
of a given plane area about a given point may be defined as the 
sum of the products obtained, by multiplying the area of each infini- 
tesimal portion by the square of its distance from O. 

This may be regarded as the moment of inertia of a thin plane 
sheet of uniform thickness and density, about a line through O per- 
pendicular to the plaae, the mass of a square unit of the sheet being 
taken as unity. 

We shall illustrate double integration by finding the moment of 
inertia of certain areas. 
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260. Double Integratloii. RecUngnUr Coordinates. To find the 
moment of inertia of the rectangle OACB about 0. 

Let OA = a, OB = b. 

Suppose the rectangle 
divided into rectangnlar 
elements by lines parallel 
to the Go&rdinate axes. Let 
X, y, which are to be re- 
garded as independent vari- 
ables, be the coordinates of 
any point of intersection as 
P, and x-\-dx, y + dy the 
coordinates of Q. Then the area of the element PQ is dxdy. 

Moment of inertia of PQ == OF^- dxdy = (3? + }^) dxdy. 

The moment of inertia of the entire rectangle OACB is the sum of 
all the terms obtained from (c^ + y^dxdy, by varying x from to a, 
and y from to b. 

If we suppose a; to be constant, while y varies from to b, we shall 
have the terms that constitute a vertical strip MN^TM'. 
Hence 

Moment of inertia of MNN'M' = dx f\x' + f)dy 



Y 


M' N' 
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-<te(«'» + ^]=(ta' + f)fe 



Having thus found the moment of a vertical strip, we may sum all 
these strips by supposing x in this result to vary from to a. That 
is, the moment of inertia of OACB, 




The preceding operations are those represented by the double 
integral, 
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If ve first collect all tlie elements in a horizonud atrip, and then 
Bum these horizontal strips, ve have 



I=££(x'^-f)dydx = 



TGI. Variable Limits. To fin 
triangle OAC about 0. 

Let OA = a, AC=b. The 
equation of OC is 



This differs from the pre- 
ceding problem only in the 
limits of the first integration. 



I the moment of inertia of the right 




In collecting the elements in a vertical strip MN, y varies from to 

■MN. But MNia no longer a constant as in Art. 260, but varies with 

OM, according to the equation of OC, y = -x. 

b " 

Hence the limits of y are and -x. 

In collecting all the vertical strips by the second integration, x 
varies from to a, as in Art. 260. 
Thus we have for the moment of inertia of OAG, 

By supposing the triangle composed of horizontal strips as HK, 
we shall find 



J=J*p{3f-\-f)dydx 
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262- Flute Area as a Double Int^ial. If in Art. 260 we omit the 
factor (3^ + ^, we shall have, instead of the moment of inettda, the 
area of the given surface. 

That is, Area = l i di!dy= t i dydx, 

the limits being determined as before. 

EXAMPLES 

1. Find the moment of inertia about the origin of the tight tri- 
angle formed by the cotiidinate axes and the line joining the points 
(a, 0), (0, 6). 'i?=?i 

Am. j[*jr ' i^ + y^dxdy=^i^±^. 

Z. Rnd the moment of inertia about the origin of the circle 

t^ + f = a\ ^^ *X°X*^^^'^'^"''^^'^'*^"t'' 

3. Find by a double integration the area between a straight line 
and a parabola, each of which joins the origin and the point (a, b), 
the axis of X being the axis of the parabola. 

Ana. f f 'dxdff= C C* dydx = ~ 

4. Mnd the moment of inertia about the origin of the preceding 
area. . oA/'a' , fr'X 

5. Find by a double integration the area included between the 
circle ar" + y" = 10 ay, the line 3 « + y = 10 a, and the axis of F. 

Ans. II dydx+ \ I dydos 

/•a« /■iob— s» tin'/ RV 

- j I , ^(to di/ = 5iLf 3+6 8in-»|y 

1/0 Jia—/av^ 2 \ 0/ 
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6. Find the moment of inertia, about the origin of the area b& 
tween the ellipae ^ + ^ = 1, and the line - + ^ = 1. 



^"•- (ik-H)*""'*"^ 



7. Find the moment of inertia about the origin of the area be- 
tween the parabola ^^ = 40(0 — 3!), the circle a^ + y* = o', and the 

8. Find by a double integration the area included between the 
parabolas y's 3 IB, and 3^ = 12 (60 -a;). Ans. 960. 

9. Find the moment of inertia of the area included between the 
parabola if = 4a3^ x = ia, and the axis of X, about the focus of the 
parabola. ^^ 2336 ^^ 

10. Find the moment of inertia of the area included between the 
lines y = 2x, x-\-2y = 5a, and the axis of X, about the intersection 
of the first two lines. . 125 o^ 



263. Double Integration. Polar Cobrdinatea. To find the area ol 

the quadrant of a circle AOB, whose radius is a. 

In rectangular coordinates, Art. 
260, the lines of division consist of 
two systems, for one of which x is 
constant, and for the other, y is 
constant. 

So in polar coordinates, we have 
one system of straight lines through 
the origin, for each of which 9 is 
constant, and another system of 
circles about the origin as centre, for 
each of which r is constant. 

Let r, 0, which are to be regai-ded 
as independent variables, be the coSrdinates of any point of intersec- 




N N' A 
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Ciou as P, and r + dr,6 + d$, the codcdiaateB of Q. Then the area 
of PQ is ultimately 

^ PSxItQ=rd$-dr. 

If we first integrate, regarding 9 constant while r varies from 
to a, we collect all the elements in any sector MOM*. 

The second integration sums all the sectors, by varying $ from 



^j:p 



If we reverse the order of integration, integrating first with respect 
to 0, and afterwards with respect to r, we collect all the elements in 
a cireular strip NLL'N', and sum all these strips. This is written 



^'X'i'*" 



264; If the moment of inertia about O is required, we have for 
the moment of inertia of PQ, i^-rd6dr. Hence, the moment of 
BOA is , 



/= P r'r»dtfdr= f" rVdj-dtf = 



265. Variable Limits, To find the moment of inertia about 
of the semicircle OBA with radius OC=a, the origin being on tha 
circumference. 

The polar equation of the circle is 
r~2a(iOB6. If we integrate first 
with respect to r, then with respect 
to fl, we shall have 



-s:r 




Here, in collecting the elements in a radial strip OJtf, r varies 
from to OM. But O^W varies with S, according to the equation 
of the circle r=2acoa$. Hence the limits are and 2 a cos 6. 
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In wllecting all tliese radial strips for the second integration, B 
varies from to ^. 

By supposing the area composed of concentric eiiculax strips 
about 0, as LK. we find 




'Srs'" 



A X 



EXAMPLES 



1. Find the moment of inertia about the origin of the area in- 
cluded lietween the two circles, r = a sin tf and r = b sin 9, where a> b 
(Art. 135). -., ^.^» q 



Ans. 1= 



2. Find the moment of inertia about the origin of the area 
between the parabola (Art. 139), )- = osec*-, its latus rectum, and 

Ans. 



OX. 



48 a* 



35 



3. Find the moment of inertia about its centre of the area of the 



leinniseate (Art. 143) r' = a*cos2e. 

4. Find by double integration the entire i 
(Art. 141) »- = a(l-cosff). 



I of the cardioid 



5. Find the moment of inertia about the origin of the area of the 
preceding cardioid. j 3S»rf . 
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6. Fiud the moment of inertia about its centre, of the entire area 
of the four-leaved rose (Art. 144) r'=a8in2tf. . 3ira* 

7. Find by a double integration the area of one loop of the 
lemniscate (Art. 143) ontside the circle 2r' = a*. ^ f^/A^l^^ 

8. Find the moment of inertia of the area of the preceding 
example about the centre of the lemniscate. , /V3 ir\ a* 

266. Volumes and Surfaces of Revolution. PoIat Coordinates. If 

in the figure of Art. 263 we suppose a revolution about OX, the 
volume generated by the infinitesimal area PQ is the product of 
this area by the circumference through which it revolves, that is, 
2vrsm$-rd»dr. 
Hence for the entire volume 



V=2 



IT CCi^ sin 0d$dr, 



the limits being determined as in Art. 263. 
If the revolution is about OY, 

V=2wj'Ci'coa9d0dr. 

The area of the surface generated about OX is (Art. 263) 

S-=27rfyd8 = 2irCraiQ»[7'+f^'] d6. 

EXAMPLES 
1. Find the volume generated by revolving the cardioid (Ajrt. 141) 

r=o(l—costf) about OX. . 8 ..... . -i, j v 

^ ' Ans. - ro', twice the inscribed sphere. 

3. Show that the entire volume generated by revolving the foui^ 
ieavedrose (Art 144) r=a 8in2 $, about OX, ie ^ of the volume of the 
oircumseribed sphere. 
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3. Find the volume generated by revolving one loop of tfie four- 
leaved rose r = a sin 2 tf about the azis of the loop. 

4. Find Uie volume generated by revolving the lemniscate (Art 
143) r» = a»cos2i9 about OT. x'a' V2 



5. Find the volume generated by revolving the lemniscate about 
OX. 



i2![J_,„,(V5 + l,-|] 



6. Find area of suiface generated by revolving the cardioid 

r=a{l~coa$) about OX. . 32ir(i* 



7. Find surface generated by revolving the entire lemniscate 
r'=a?cos2tf (Art. 143) about OX. Ans. 2Tra'(2— V2). 



8. Solve preceding example revolving about OK .4ns. 2 ira' V2. 



9. Find surface generated by revolving the entire lemniacate 
r" = a' sin 2 tf (Art 143) about the tangent OT'. Ana. 4 wa\ 



10. Find the moment of inertia of a sphere (radius a) about a 
diameter, m being the mass of a unit of volume. . S n-o'ffl 



CHAPTER XXXI 

SUfiFACE, TOLTTHE, AKD HOHENT OF INERTIA OF ANT SCUD 

267. To find the Area of A117 Surface, whose Equation la given 
between Three Rectangular CoOidinates, x, y, z. 

Let thia equation be 

Suppose the given surface to be divided into elements by two 
series of plauea, parallel reapectively to XZ and YZ. These planes 
will also divide the plane XY into elementary rectangles, one of 
which ia PQ, the projection upon the plane XFof the corresponding 
Blement of the surface /"Q". 




Let a;, y, z be the coordinates of P' and x + dx, y + dy, z + da. 

otg: 
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Since PQ is the projection of P'Q', the area of PQ is equal to that 
of P'Q' multiplied by the cosine of the inclination of P'Q' to the 
plane XT. This angle is evidently that made by the tangent plane 
at P* with the plane XT. Denoting this angle by y, 

AreaPQ =\rea PQ' -ooBy, 

Area /'Q' = Area PQ -seoy. 

We see from the figure that 

Area PQ =dxdy. 

Also from (8), Art. 110, sec y = [l + (^Y+ (^YJ . 

where r— and — are partial derivatives, taken from the equation of 
the given surface z =f(x, ^). 

If S denote the required surface, 

^-fSH^hiX)!'"''- ■ ■ ■ <" 

the limits of the integration depending upon the projection, on the, 
plane XY, of the surface required. 

For example, suppose tlie surface ABC to be one eighth of the 
surface of a sphere whose equation is 

a^ + f + z' = a'. 



K9"-(l)'= 



;?=? 
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Sabetituting in (1), we have 



-"//v^fe 



ISiis is to be Integrated over the region OBA, the projection of 
the required surface on the plane XT. 
The equation of the boundary AB is 

^ + y» = a'. 

Integrating liret with respect to y, we collect all the elements in 
a strip M'2PKL, y varying from zero to ML, that Is, i)etween the 
limits and Va' — a^. 

Integrating afterwards with respect to x, we sum all the strips, to 
obtain the required surface ABC, x varying from to a. 



Hence 



8: 



-'S:s: 



" dxdy _«<^ 



Another example is the following 

The centre of a 
sphere, whose radius is 
a, is on the surface of a 
right circular cylinder, 
the ladius of whose 
base is -■ Find the 

surface of the sphere 
intercepted by the 
cyliuder. 

Take for the equa- 
tions of the sphere and 
oylinder, 

a? + y' + z' = a», 
and s^ + y' = ax. 

CPAQ is one fourth 
the required surface. Since this surface is a part of the sphere, the 
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partial derivatives — -, ~ must be taken from sb* + w* + j^ = a^. 

ox dy 
giving^ as in the preceding esample, 

JJ Va'-a;*-/ 

to be integrated over the region OJiA, the projection of CPAQ on 
the plane XT. 
The equation of the curve OB A iB3?+y' = ax. 



4 Jo Ja Va'-iB»-y» ^2 J 

5 = (2»-4)a'. 



Let ns now find the surface of the cylinder intercepted by the 
sphere, one fourth of which is CPARO. 

Since this is a part of the cylinder si? + ^ = ax, the partial 
derivatives in (1) must be taken from this equation. But ttonx 

i^ + »*9aiB, we find — = on, — =00- 
dx dy 

The formula (1) is, then, inapplicable in this case. 

It is also evident from'the figure that the surface CPARO cannot 
be found from its projection on the plane XT, since this projection 
is the curve OJtA. 

The difSculty is removed by projecting on the plane XZ, and 
using, instead of (1), 

W« now find from a:* + y* = ox, 

dy_ a-2x ^ (V 
^ 2y ' d» 

Snbrtitnting in (2), and simplifying, 
1^_ r r adxdz' 
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This must be integrated over the region CP'AO, CFA being the 
projection on XZ of CPA. 
To find the equation of OP'A, we eliminate y from 



glVlDg, 

Hence 




IMH 



EXAMPLES 

1. The axes^of two equal right circular cylinders, a being the 
radius of base, intersect at right 

angles ; find the surface of one inter- 
cepted by the other. 

Take for the equations of the 
cylinders, 

aJ'+z*=a«, and n^ + j/'^aK 

Ana. 8 «*. 

2. Find the area of the part of the 
plane 

a c 

ifl— the first octant, inter- 
cepted by the coordinate 



3. Find the area of the 

surface of the cylinder 
x' + y' = a^f included be- 
tween the plane z=mx and 
ft. plane XF. ^,.4^. 
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4. Find the area of the surface of the paraboloid of revolution 
y* + z* = 4 ojc, intercepted by the 
parabolic cylinder y' = ax, and 
the plane x = Za. ec ^ 



5. In the preceding example, 
find the area of the surface of 
the cylinder intercepted by the 
paraboloid of revolution and the 
given plane. 

Ans. (13Vi3-l):^- 

6. Find the area of that part of the surface 

3* + (« cos a + y sin «)* = rf 

which is situated in the first octant. 

The surface is a 
right circular cyl- 
inder, whose a^iis 
is the line z = 0, 
X cos ffi+y sin a=(i, 
and radius of base a. 

Ans. ^-^ . 

sin a cos a 

7. A diameter of 
a sphere whose 
radius is a is the 
axis of a right 
prism with a square y 
base, 2 b being the 

side of the square. Find the surface of the sphere intercepted bf 
the prism. 

Ans. 8 df 2 ft sin"' — ■■ — asin"'— A 
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268- To find the Volume of Any Solid bonnded by a Surface, whose 
Equation is given between Three Rectangular Coordinates, x, y, z. 

The solid may be supposed to be divided, by planes parallel to the 
coSrdinate planes, into elementary rectangular parallelopipeds. The 
volume of one of these parallelopipeds is dxdydz, and the volume of 
the entire solid is r r r 

r=jJJ dxdydz, 

the limits of the integration depending upon the equation of the 
bounding surface. 

For example, let us find the volume of one eighth of the ellipsoid 
-whose equation is ^ s ^ 




PQ represents one of the elementary parallelopipeds whose volume 
IB dxdy dz. 

If we integrate with respect to z, we collect all the elements in the 
column MN', z varying from zero to MM'; that ia, 



from to ! 
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Int^iating next with respect to y, we collect all the colnmna ii 
the slice EL2fH, g varying from zero to KL ; that is, 



from to y=ft*/l— ^. 



This value of y is taken from the equation of the curve ALB, 
which is 

a' tr 

Finally, we integrate with respect to o^ to collect all the slices in 
the entire solid ABC. Here x varies from zero to OA ; that is, from 
Otoa. 

The y and x integrations are said to be over the region AOB. 

Hence we have V=J''C '" f' '~*^'^(tedy(fa = ^^ 
For the entire ellipsoid V^ *5^. 

EXAMPLES 

1. Find the volume of one of the wedges cut from the cylinder- 
a!* + y' = a' bythe plane a = 3! tana and the plane XF (See Mgare, 
Ex. 3, Art. 267.) „ „„ „ ,, 

Ans. 2XX X '^'^y'^ = ^^^- 

2. Find the volume of the tetrahedron bounded by the coordinate 
planes and by the plane 



3. Find the volume included between the paraboloid of revolution 
!/' + s* = 4aa!, the parabolic cylinder y* = aa!, and the plane x=3a. 
(Bee Figure, Ex. 4, Art. 267.) Ana. (6ir+ 9 V3)<^. 
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4. Find the volume contamed between the paraboloid of revolution 
tf + j^ = az, the cylinder 3^ + y' = 2cue, and the plane XY. 



5. Find the volume of the cylinder as* 4- y* = (W, intercepted by the 
paraboloid of revolution y* + s' = 2aiB. (Za.^ s 

Us/- 

6. The centre of a ephere (radius a) is on the surface of a right 
circular cylinder, the radius of whose base is -. Find the volume of 
the part of the cylinder intercepted by the sphere. (See second Figure, 

7. Find the volume in the first octant, bounded by the surface 

90 



^HM'^- 



8. Find the entire volume within the surface 

«i + yi + .!-«'. ^""-W- 

269. Homent of Inertia of Any Solid. This may be expressed by a 

triple integral. 

Thus, the moment of inertia about OX, m being the mass of a unit 
of volume, is 

with similar formulse for the moments of inertia about the axes 

or, OZ. 



1. Find the moment of inertia about OX of the rectangular paral- 
lelopiped bounded by the planes x = a, y = b, z = e, and the co- 
drdinate planes. 
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2. Find the moment of inertia about OZ of the tetrahedron 
boanded by the plane 

a b e 
and by the codrdinate planes. Ant. (o* + b*) — — . 

3. Find the moment of inertia about OX of the portion of the 
cylinder a?4-y* = a' included between the planes z = A and z =— A. 



4. Find the moment of inertia of the preceding cylinder about OZ. 

Ans. irma^h, 

6. Find the moment of inertia of a sphere (radius a) about a 

diameter. , , Simuf 

Ana. ~^^. 

6. Find the moment of inertia about OZ of the ellipsoid 



CHAPTER XXXn 



CENTRE OF ORAVITY. I^tESSUSE OF FLUIDS. 
FORCE OF ATTRACTIOH 

CENTRE OF GRAVITY 

370. DefinitlDn. The centre of gravity of a body is a point so 

situated that the force of gravity acting on the body produces no 
tendency to rotate about an axis passing through the point. 

271. Coordinates of Centre of Gravity. To find the centre of 
gravity, C, of any body, take P as any infinitesimal part of the 
given body, PQ the line 
of direction of gravity, 
and MN any horizontal 
axis passing through C. 
Let BD be the common 
perpendicular between 
MN and PQ. Take the 
axis of X parallel to BD 
and represent by x and 
X, Oil and OL', the x 
coordinates of P and G re- 
spectively. Then the dis- 
tance BD = L'L = x—x. 

The force exerted by gravity on P is proportional to and there- 
fore may be measured by its mass. Denoting its mass by dm, the 
moment of this force about MN would be (x — x)dm; and if dm is 
an infinitesimal in one, two, or three dimensions, the tendency of 
the whole body to rotate about MN is equal to j (a: — x)dm. 
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Since this most eqnal zero, 

Ixdm 

•»4 '-''jT— 01 

J dm 

Similar formulte may be derived for y and z. 

Note. — The mass of a unit's volume is called density. If we 
represent the density by p, the differential mass or dm is equal to f 
multiplied by the differential of the arc, area, or volume. 

Ex. 1. Find the centre of gravity of a quarter of the arc of a circle 

Iiet the equation of the circle be 3? + j^=a*. 

Here dnt== pda. 

Substituting in (1), Art. 271, -we have 

'"J*,° i« '-' 

From the symmetry of the figure j = — 




Ex. 9. Find the centre of gravity of the surface bounded by a 
parabola, its axis, and one of its ordinates. 

Let the equation of the parabola hey'^ipx, B being (9p, 6p). 
Heredm = pda;(iy, and substituting in formula (1), Art. 271. 



I I xdxdy 
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Similarly, 






Ex. 3. Find the centre of gravity of a circular disk of radios 
a, whose density varies directly as the distance from the centre, and 
from 'which a circle described 
upon a radiuB as a diameter 
has been cut. 

Let the equation of the 
large circle be r=:a; and 
the equation of the small 
circle be r = — o cos tf. 

The disk is Byinmetrical 
with respect to OX, hence 

j=o. 

Here 

dm = prdddr = Ki^dddr, 
(if ,=.«■). 
Also X = 0M= rcoaS. 

Therefore i - - — — — ; 1 '.'"" 

111 t»(ifl*+J_ i r'dtdr 

^[jT'ooe edS + ("(cos « - co»'9)ii« "| 

f IX''"' +/' (' + "^) H 




6(3x 
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Ex. 4. Find the centre of gravity of a cone of revolution, the 
radiuB of the base being 2 and the altitude 6. 
The equation of OB \ay=.^x. 
Here dm = pir^ dx, and substituting in (1), Art, 271, 



«=4j — 




The cone is symmetrical with 
respect to OX, hence ^ = 0. 

KoTB. — On compariDg the 
formube for the centre of grav- 
ity of arc, area, and volume, 

I xda 



we notice that, in each case, the element of the numerator int^ral 
is X times the element of the denominator integral. 

5. Find the centre of gravity of the arc of the hypooycloid 
(Art. 132) a;* +j/^=aMn the first quadrant Am. S = y = -o. 

6. Find the centre of gravity of the arc of one arch of the cycloid 
(Art. 284) „ _ 4 

3! = a vers"' — ■\2ay--y'. Ana. oe = ita, y = -a. 

7. Find the centre of gravity of a strwght rod of length a, the 
density of which varies as the third power of the distance of each 
point from one end. ^^^^ x = -a. 



8. Find the centre of gravity of the surface of a hemisphere 
when the density at each point of the surface varies as its perpen- 
dicnlar distance from the base of the hemisphere. ^^ -„2g 
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fl. Find the centre of gravity of a semiellipse. Ang. X'=~- 

10. Find the centre of gravity of the area between the cisHoid 
y* = 5 and its asymptote. Ans. S = | o. 



11. Find the centre of gravity of the area bounded by the parab- 
ola j'=8a!, the line y + a; — 6 = 0, and the axis of X. 

Ana. x = ^;y=T. 

12. Find the centre of gravity of one loop of the curve r = a sin 2 A 

105^' ^ 106 IT 

13. Find the centre of gravity of the upper half of the cardioid 

r = a(l — eoBff). . - & 

"■ ' Ana. x = — ~a\ 



14. Find the centre of gravity of one loop of the lemniscate 
H = (i' cos 2tf, . _ ,V2 -- 

15. Find the centre of gravity of a hemisphere. Ans. x = ~a. 



17. A right cone of height k is scooped out of a right cylinder of 
the same height and base. Find the distance of the centre of gravity 
of the remainder from the vertex. -^ 3. 

272- Theorems of Pappns. 

Theorem I. If a plane area be revolved sboat an axis in its plane 
and not crossing the area, the volume of the solid generated is eqnal 
to the product of the area and the length of the path described 1^ 
the centre of gravity of the area. 
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77t«OTOm II. If the arc of a curve be revolved about an axis in 
itB plane and not crossing the arc, the area of the surface generated is 
equal to the product of the length of the arc and the path described 
by the centre of gravity of the arc. 

373. Proof of the Theorema. Let the area be in the plane XY 
and let it revolve about the axis of X. Then \fy (1), Art 271, wa 
have 






Or ^SS^ '^^ " ff^ *" '*"■ 

Then 2yiy CCdxdy=:CC2-gyd3sdy. (1) 

But the ri([ht-hand member of equation (1) is the volume described 
by revolving the area through the angle 2 v, 2iry is the length of the 

path deBcribed by the centre of gravity, and | idxdy is the plane 

The first theorem is thus seen to be true, and the second can be 
proved true in a similar manner. 

EXAMPLES 

1. Find the volume and surface generated by revolving a reo- 
tangle with dimensions a and b about an axis c units from the centre 
of the rectangle. ^^ 2 -.abc, and 4 ^(a + b)e. 

% Find the volume and surface generated by revolving an equi- 
lateral triangle each side a units in lei^th, about an axis c units 
from the centre of the triangle. ^ 

J„,, «!!5X3aiia6«Ki 



CENTRE OF GEAVITT. PRESSURE OP FLUIDS 871 

3. Find the volume and surface generated by levolving a circle 
ot tadiuB a about .an axis b units from tlie centre of the circle. 

Ans. 2 ir'a^b and 4 -Aib. 

4. Find the volume generated by revolving an ellipse, semiaxef 
a and b, about an axis c units from the centre of the ellipse. 



PRESSURE OF LIQUIDS 

274. The pressure of a liquid on any given horizontal surface la 
equal to the weight of a column of the liquid whose base is the 
given surface and whose height is equal to the distance of this sur- 
face below the surface of the liquid. 

The pressure on any vertical surface varies as the depth, and the 
method of determining it is illustrated by the following examples. 

Ex. I. Suppose it is required to find the pressure on the 
rectangular board OABC, the edge 00 being at the surface of the 
wat«r. 

Let S<7=a, and AB = b. 

Suppose the rectangle divided 
into horizontal strips one of which 
is HK. 

Let OH^x, then the width of 
the strip is dx. 

If the pressure on this strip 
were uniform throughout and the 
same as it is at the top of the strip, 
the pressure on the strip would be 
iobx-dx, where w is the weight of 
a cubic unit of the water. And 
the entire pressure on the board is evidently the integral of thii 



J . c X 

— K 
6 'a 



C a' 

Entire pressure = I wbxdx=s — 



372 



INTEGRAL CALCULUS 



Ex. 2. Find the pressure on that part of the board in Exam- 
ple 1, which is below the diagonal. 

In this case the area of HK is y dx, and the entire pressure on the 
triangular board is 



j:- 



wyxdx. 



hence entire pressure 

aJt 3 




Nora. — Call the weight of a cubic foot of water, 02} lbs. 

Ex. 3. One face of a box immersed in water is in the form of 
a square, the diagonals being 8 feet in length. The centre of the 
square is 6 feet below the surface of the water, and one diagonal is 
vertical. Find the pressure 
on the square face. 

Let SW \xi the surface 
of the water. Taking the 
axes as in the figure, the 
equations of AB and BO 
are y=i+x, and y=i~x, 
respectively. 

Then, if P represents the 
entire pressure on the 
board, 



P=2wC' C*'\&+x)dydai 



= 192 «7 = 12000 lbs. 




Ex. 4, Find the pressure on a sphere 6 
mersed in water, the centre of the sphere bei 
surface of the water. 



feet in diameter, im- 
ng 10 feet below tha 
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Let 5 IF be the surface of 
the water. 

Take the axes as in the 
figure, and let the elemen- 
tary surface be a zone. 
The area of a zone at a 
distance x from the cen< 
tre of the sphere ia 2 try da. 
The pressure on the zone 
ia2,rwy(:\(i-\-x)ds. 

Then, if P represents 
the entire pressure on the 
sphere, 



P=2 




y = Vy — a!*, and ds = -(lx. 

y 

P=&ww(' (10 + x)dx, 
= 360 WW = 22fiO(V lbs. 



6. A rectangular flood gate -whose upper edge is in the surface of 
the water, is divided into three parts by two lines from the middle 
of lower edge to the extremities of upper edge. Show that the parts 
sustain equal pressures. 

6. A rectangular Bood gate 10 feet broad and 6 feet deep has its 
upper edge in the surface of the water. How far must It be sunk to 
double the pressure ? Ans. 3 ft 

7. A board in the form of a parabolic segment by a chord perpen- 
dicular to the axis is immersed in water. The vertex is at the sur- 
face and the axis vertical. It is 20 feet deep and 12 feet broad. 
Find the pressure in tons. An». 60 
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8. How far nmat the board in Ex, 7 be simk to doable tbd 
pressure T Ana. 12 ft, 

9. Suppose the position of the parabolic board in £x. 7 reversed, 
the chord being in the surface ; what is the pressure ? 

Ans. 40 tons. 

10. How far must the board in Ex. 9 be sunk to double the 
piessure ? Ans. S ft 

11. A trough 2 feet deep and 2 feet broad at the top has semi- 
elliptioal ends. It it is full of water, find the pressure on one end. 

Ana. 166} lbs. 

12. One end of an nnfinislied water main 2 feet in diameter is 
closed by a temporary bulkhead and the water is let in from the 
reservoir. Find the pressure on the bulkhead if its centre is 30 feet 
below the sur&ce of the water in the reservoir. Am. 1876fl- lbs. 

13. A wat«r tank is in the form of a hemisphere 24 feet in diame- 
ter surmounted by a cylinder of the same diameter and 10 feet high. 
Find the total pressure on the surface of the tank when the tank ia 
filled to within 2 feet of the top. Ana. 150 r tona 

14. A cylindrical vessel, whose depth is 12 inches and base a 
circle of 20 inches diameter, is filled with equal parts of water and 
oil. Assuming the oil to be half as heavy as the water, show that 
the pressnre on the base equals the lateral pressure. 

27& Centre of Preuure. Since the pressure of a liquid on a verti- 
cal surface varies as the depth, there exists a horizontal line about 
which the statical moment of the entire pressure on the surface is 
zera Such a line passes through the centre of pressure and the 
abscissa of this point may be found hy the method used in the follow- 
ing example. 

Ex. 1. Find the abscissa of the centre of liquid pressoie on 
a vertical sor&ice bounded by the curve y = /(«), the axis of X and 
the two ordinates ^^ ^nd yi. Given that the origin is at a distanov 



CENTRE OF GBAVITT. PRESSURE OF FLUIDS 376 



k belo-v the surface of the liquid, the axia of X vertical, and the 
weight of a cubic unit of liquid is w. 

Let P(tPiRQ be the surface bounded by the curve y =f(x), the 
axis of X, and the two ordinates y^ = QPo and y^ = BPi. Divide 
the surface into horizontal strips of width cbs, one of which is J3K. 
Let OH=x. Let MN pass through the centre of liquid pressure, 
and OM = x. 

Then the pressure on the 

atrip SK is loy {h + x) dx, 

and the moment of this 

pressure about JUN is 

wy(A + !c)(x—x)dx. 

Therefore, the moment 
of the entire pressure is 
the integral of this ex- 
pression between the ab- 
scissas of Pa and Pu that 
is, between a^ and x^. 
But this must equal zerc^ 
therefore 



" j'toy(ji+x)(x-x)dx=0. 






iey (A + a;) daj 



y(h + x}doi 





h 
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8. Find the centre of pressure of the water on the parabolic 
board given in Ex. 7, Art. 274. Ans. 14f ft. below vertex. 

3. Find the centre of pressure of the water on the bulkhead given 
in Ex. 12, Art. 274. Ans, ^ inch below centre of bulkhead. 

4. A rectangular flood gate a feet deep and b feet broad, with its 
upper edge at the surface, is to be braced along a horizontal line. 
How far down must the brace be put that the gate may not tend to 
turn aboat it ? Ans, | a ft. 
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5. One end of a cylindrical aqueduct 6 feet in diameter which is 
half full of water is closed by a water-tight bulkhead held in place 
b; a brace. How far below the ceDtre of the bulkhead should the 
luttce be put ? What pressure must it be able to withstand ? 

Ans. 5 = ^5 »■ f t ; P= 1125 lbs. 

6. A water pipe passes through a masonry dam, enters a teseivoir, 
and is dosed by a oaat-iron circular valve which is hinged at the 
top. The diameter of the valve is 3 feet, and the depth of its centre 
below the water level in the leservoii is 12 feet. Find the pressure 
on the valve, and the distance of the centre of pressure below the 
hinge. Am. P == 1687) «- lbs. and }| ft. 

7. Water is flowing along a ditch of rectangular section 4 feet 
deep and 1 foot wide. The water is stopped by a board fitting the 
ditch and held vertical by two bars crossing the ditch horizontally, 
one at the bottom and the other one foot from the bottom of the 
ditch. How high must the water rise to force a passage by upset- 
ting the board ? Ans. To within 1 ft. of top of ditch. 



ATTRACTION AT A POINT 

276. A particle of mass m is situated at a perpendicular distance 
c from one end of a thin, straight, homogeneous wire of mass ^and 
length I. Bequiied to find the attraction on the particle due to the 
wire. 

Let be the particle and AB the wire. Let X and T be the 
components of the attraction along the axes of X and F respectively. 

Divide AB into elements of length dy 
and let PQ be one of these elements. 

The mass of PQ is ydy, since ^ia 
the mass of a unit's length. 

If the mass of PQ were concen- 
trated at P, the attraction at due 
to PQ is, according to Newton's Law 
of Attraction, .„»-^„ 
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and the components along OX and F are 

reepectively. 

Subetitnting for cos and sin $ their values we have 
I J* (c' + y')* cV?T? <^ 

= -^(l-Cosa), 
where the angle AOB=a. 
DeDOting by R the total attraction of the wire on the particle 

Cl 2 

The line of attraction evidently makes with OA an angle whose 

tangent is 

F l — cosa . 1 

-= — ; = tan-«. 

X since 2 

The resultant attraction, therefore, bisects the angle a. 

Note, — If we take as our wnffl of force the force of attraotion be- 
tween two unit maaaes concentrated at points which are at unit's 
distance apart, « becomes unity. 
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EXAMPLES 
I. Find tlie attraction perpendicular to the wire in preceding 
example whea tlie particle is at a distance - above O. 



Ans. •^ ^ _ ^ 1 ]■ 



2. Find tlie attraction of a thin, straight, homogeneous wire of 
length I and mass M upon a particle or mass m which is situated at 
■d, distance o from one end of the wire and in its line of direction. 

Ans. -^. 

3. Find the attraction of a homogeneous circular disk of radius a 
upon a particle of mass m in its axis and at a distance c from the 
disk. 

Am. 2 Kirmp 1 ; L where p is the mass of the disk corre- 

spondii^ to unit's surface. 

4. Find the attraction due to a homogeneous right circular cylinder 
of length 2 I and radius a upon a mass m in the asia prcSluced of the 
cylinder and distant c from one end. 



Ans. 2 rump [2 1 + V^+? — Vo' + (c + 2 1)*}, where p is the n 

of unit's volume of the eyliuder. 



CHAPTER XXXm 

HYPERBOLIC FUNCTIONS. CYCLOID, TROCHOID, EPICYCLOID, 
AND HYPOCYCLOID 

This chapter includes certain subjects inyolring both the Differen- 
tial and Integral Calculus. 

HYPEEBOLIC FUNCTIONS 

277. Definition. There aie certain combinatiouB of exponential 
t'unctioTLB called hyperbolic fiinctions, having relations to each other 

analogous to tbose between the trigonometric funotions. 
They are defined as follows : 

— ""^ - is called the hyperbolic sine of x, and, written sinh ai. 
— "t"^ is called the hypeibolic cosine of x, and written coeh x. 



Thus 


sinh X s 


2 ' 






co8ha) = 


e' + e- 

2 




Also for the 


hyperbolii 


3 tangeni 


:, cotangent, secant, and cosecant 


of a!. 










tanha; = 


sinh a; 
cosh a; 


e- — e— 

V + C-' 




oothx = 


1 
tanha; 






8echa! = 


cosh a: 


2 




Sinh X e — e-' 
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It 18 erident from the defioitions that 

8iiih0 = 0, co8hO=l, 

sin]i(— x) = — sinbx, cosh (—3;)= cosh a 

878. RelAtlom between Hyperbolic Ftinctloiu. From the definitioiu 
in the preceding article, we find 

cosh' a: — ainh' a; = 1, 

tanh*a; + sech* x = l, 

eoth* z — cosech' x = l, 

sinh (a) ± y) = sinh x cosh y ± cosh x sinh y, 

oosh (_x±y)= cosh x cosh y ± sinh x sinh y, 

tanh(»±i,)= te»l'»±l»nhy 
1 ± tanh X tanh y 
sinh 2 3! = 2 sinh x oosh x, 
cosh 2 X = cosh* x + sinh' x, 
t^h2x = ^2tanhx _ 
l + tanh'x 

i379. Inrerie Hyperbolic Functions. 

If 3: = sinh y, (1) 

then y = sinh''x. 

This function may be expressed as a logarithm as follows: 
From(l) ^ = ^'^- 

Solving this with reference to y, 

y = log(3! + -v^?+T). 
Hence sinh"' x = log (x + Va^ + !)■ 

Similarly, cosh-' x = ± log (x + Vx* — 1). 



tanh"' X = 



.1+1 



HYPEBBOUC FUNCTIONS 
ooth-> X = tanh-' i = ^ log ^±i, 
8ech-'aj = coBh-'-=s± \oa --■ ^— 

X ° X 

C08ecli"'3! = 8iiih-'- =log '*" "*" — • 

280. DUferentiatloii of Hyperbolic Fnnctloiu. From the definitions 
we have 

-— sinh X = oc»h le, 
'— cosh X = sinh x, 
~ tanh X = sech* x, 

— coth x = — cosech' x, 
dx 

— sech X = — sech x tanh x, 

— oosech x = ~ cosech x coth x. 

dx 

To difEerentiate the inverse function 
y = ainh"' x, 
we have x = sinh y, 

^ = cosh y = VSnPy+1 = V3+X 



— sinh~' X = 



^^+1 



Similarly, — 
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£i!0!li- 


1 


£tanh- 


j._ 1 


dx 


1 


"wch- 


1 


d,""" 


x^l~^' 


"co-eoh-'r. . 1 . 



28L InT«ne Circular, and InverM HyperboUc, Fnnctlona m iDteerak. 

A Gompanson of the integrals involviDg the inverse ciroular func- 
tions, with those involving the inverse hyperbolic functions, shows 
the close analogy between them. 

r '^ =sin-g, 

or = — COB"'-* 
a 

Jie + n^ a a 

or = — cot"'-' or =-ooth-'-- 

a a a a 

J — , =-sec-'-, I — 7===---8eoh '-. 

or =-lco8ec-2. f ^ ioosech-'?. 

282. Circular and Hjrperbollc Fauctlona aa related to the Circle and 
Equilateral Hyperbola. The hyperbolic functions are bo called because 
theit relation to the equilateral hyperbola corresponds to that of the 
eiroolar functions to the circle. 
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Let us ezpteas x and y, the codrdinates of a point P of the 

circle 

in tennB of the area of the circular sector 
POA. 

Calling the area of the sector u, and $ 
the angle POA, we have 



oV 



= a cos $, y = a si 



10. 



Hence x = a cos - 



(1) 




Now if X and y are the codrdinates of a point Pof the equilateral 
hyperbola 

rf-j'=»', . . . (2) y 

and u the area of the hyperbolic 
aeotor POA, it will be shown 
that equations (1) will still 
hold, provided that "sin" and 
"cos" are changed into "sinh" 
and " cosh." 

Here the area POA is 

(See Ex. 5, p. 323.) 




whence 
From (2) and (3), 



whence x = a cosh ~ 



ysasiQb — J, 



- = sinh — 
>e proved. 
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283. Exerclsea In Hyperbolic FunctioiM. 

1. sinh 3 a; = 3 ainh x+i ainh' x. 

2. cosh 3 » = — 3 cosh a: + 4 coali* x, 

3. tanh^'sina; = 8ech-'cos3!. 

4. tan-* sinh a; = sec"' cosh a!. 

5. tan"' siiili2a; = 2 tan-' taahs!, 

6. tanh"' sin 2 a; = 2 tanh-' tan x. 

7. COS"' cosh 2 « = 2 cos-' cosh x. 

8. cosh"' cos 2 a; = 2 cosh"' cos a:. 

9. y= tan-' 3! + tanh-' a!, 

10. y= log cosh x, 

11. If = sinh at sin a; + cosh X cos x, 

12. y = tan-' tanh x, 

13. y = sinh -' tan a^ 

14. y = sin-' tanh a: + tan-' sinh a!, 

15. y = tan-' Vtanha + tanh" 

16. Express the equation of the catenary y = ^(e*+e *), (Art, 128) 

and also the length of the arc from the vertex, in hyperbolic 
functions. 

Afia. y = a cosh -, and s = a sinh -- 
a u 

17. Show that the equation of the catenary, referred to its vertex 
as origin, is y=:2a sinh^ ^ ■ 
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EQUATIONS AND PROPERTIES OF THE CYCLOID 

284. Definition and Equation. The cycloid is the curre described 
by a point iu the circumference of a circle, as it rolls along a straight 
line. 

Let OX be the straight line. As the circle NPT, with radius a, 
rolls along this line, the point P describes the cycloid OBO'. 

Let the angle through which the circle has rolled from O, 
PC!sr=<l,; 
and let x, y, be the coordinates of P. 




As the arc PN has rolled over the line ON", it is evident that 

OJV^= arc PN= a>f.. 

Then x = OM= ON- PR = a^~ a sin <l^\ 

y==PM=aN^CR = a-acoB<f,, j^ ■ • ' • 

If we eliminate ^ between these equations, we have 

ic=acos-' ^~^ — V'2ay — y", 



(1) 



x = a vers" ' " — V2 ay — y*. 



This is the equation of the cycloid, but the parametric equations 
(1) are generally more useful than (2), 



(1) 
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28S. Cycloid rrierred to Vertex. The point B is called the vertex 
of the curve. If the origin is transferred from to B with parallel 
axes, we have, x*, y', being the new coordinates, 
y = y' + 2a, x = 3f + wa. 
Substitutitig these in (1) of the preceding article, we obtain 
ir'=a(^ — n-) — dsini^, 
p' = — a — a(ioa<f/. 
Letting ^ — ir = ^', the angle through which the circle has rolled 
from A, and omitting the accents on x' and y", we have 
X = at^' + a sin ^', | 
y = — a + acos*',J 
the equation of the cycloid referred to its vertex. 

286> Tangent and Nonnal. From (1) Art. 284, we have 

g = «(l-coa.^) = 2a8in'|, (1) 

dy . , A A 

-^ = a8in^ = 2asin-HCoa5; 

therefore ^^'^'l ^^) 

But angle PTZf= |i>CA^=|; 

hence ^ = cot PTN= tan TPR. 

ax 

Consequently PT is the tangent to the curve at P, and PH the 
normal. 

287. Radius of Curvature. From (1) and (2) of the preceding 
article, we find 
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Substdtutiiig in the expreBBion for the radius of curvature, we 
have 

p = -/'l + cot'|")^4a8iii^| = -4a8in| = -2i'if. 

Hence, if we produce PN to Q, making NQ = PS, Q will be the 
centre of curvature for the point P. 

288. Evolute. Produce the diameter TN, making SR = TN, and 
on NR as diameter describe a circle. This circle will pass through 
Q, Bince NQ = PN. 






The arc NQ = arc PN= ON, 

and &tfiNQR=OA; 

therefore arc QR=OA- 0N= RK. 

Hence Q is a point in an equal cycloid, generated by rolling the 
circle NQR from E along the straight line KR. 

Hence the evolute of the cycloid OB(y is composed of the two 
semi^jycloids Of and KO'. 

289. Length of Arc. To find the length of the arc OP (Fig. of 
Art 284) we substitute in 



^ = cot ^, and dx = 2a ain' ~ d<^. 
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We thus obtain 



2 a C* sm^d'f> = ia{l - cos |]. 



If ^ =s 2 B-, we have for the entire arc, OBO' = Sa. Ii 

This reaalt is also erident from the propertj of the evolute, from j t 

which OQK= BK= 4 a, F" 

290. Area. To find the area between the curve and the axis of | 

X, we substitute in i 

A=Cydx, 1 

y = o(l — cos tl>), da! = (1 — cos ^) d^t. 

Thu8 we have for the entire area OBO' A, 

A = a^ i (1 — COB <(i)* dip =3 wa\ 

Hence this area is three times that of the generating circle. 



29L Definition md Equation. When a circle rolls along a straight | 
line, a point on a radius oi radius produced deecribea a curve called , 
the trochoid. 



/ X B 

^X\_ L __z _\ii>^ 

\A~~~ii ~i O' X 



As the circle, radius a, rolls on OX, the point P describes the 
trochoid HPBIT. 
Let PC=b, and angle FC2/'= ^. 

0N= arc FJV= a^. 
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Then x = 0M= ON-PR = a^-b sin ^, 1 ,, , 

y=:PM=CN-CR = a-bco&^. ] ■•■"•-' 

These are the parametric eqnations of the trochoid, 
In the preceding figure b<a. If 6 > a, the generating point P is 
tn the radius produced, and the trochoid is then of the form shown 
in the following figure, having loops about O, 0*, ate. 



Y 








n/ 




^= ) 


/ 


y 


1 


Jvr^ 






V 




N 


\ 


*jx 













Equations (1) apply to both cases, when ft < a, or when b>a. 

292. Area. The area included between one aioh of the trochoid 
and the tangent at the lowest points, is found to be v(^a-\-b)b, 
when 6 < a, or when b>a. (See Ex. 16, p. 324.) 

In the first figure this area is HPBH'H, in the second figure 
BPBP'H'H. 
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EPICTCLOID AND HYPOCYCLOID 

n of Epicycloid. The epicycloid i3 the curve described 
by a point in the circumference of a circle, which rolls outside of a 
fixed circle. 

Suppose the circle BPS to roll on the fixed circle ADA', the point 
P describing the epicycloid APA'. 



Let OB = a, BG=b, BOA=<l>, BCP^^. 

Since the arcs BA and BP are equal, we have 

aift = bili. 

x=OM=ON-^RP 

=(a + 6)cos* + 6 8inr^-^|-*')1 

= (a4-6)cos ^ — 6cos(^ + ^). . . . 
y = PM=CN-GB 

= Ca+6)8in*-6cosr^-^|-^)l 

B (a + 6) sin ^ — & sin (^ + +). . . 



(1) 



EPICYCLOID AND HYPOCTCLOID 
Substituting in (1) and (2), <^ = ^, 



y = (o + 6)am^-6 



<3) 



294. Equtioii of HTpocydoU. The hypocycloid is the curve 

described by a point in the ciicumference of a circle, which rolls 
inside of a fixed circle. 

Suppose the circle BPS to roll within the fixed circle ADA', the 
poiut P describing the hypocycloid APA'. 




Taking OB = a, CB = b, and BOA = i,, the student will easily 
derive for the equations of the hypocycloid, 



y=(a — 6)sin ^ — Iisin 



b 
a-b , 



a) 



yotioe that these equations may be obtained from (3) of the pre- 
ceding article, by changing b into — b. 
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295. Cardloid. This is a special case of the epicycloid vben a = 1y 
Eqaatious (3), Art. 293, then become 

a! = 2aco3^-acoB2<^ (1) 

3/ = 2 a sia ^ — a sin 2 ^ (2) 

We may eliminate 4> between these equations by first adding the 
squares of (1) and (2), giving 

3?+f = 5a'-ia'cos,l>. . (8) 

Substituting the value of cos <^ from (3) in (1), 

-which may be written (a:* + j* — 3a')'=4a*(3o — 2a!). 

But the equation of the cardloid is much more simply expressed 
and derived in polar coordi- 
nates, the origin being at on 
the circumference of the fixed 
circle. 

Here 0P= r, angle POX = $. 

Evidently 

aag\eMCO=POX=0. 

CO cos MCO=CM=CR- ON, 
that is, acostf = o — -; 

whence r = 2a(l— cos^. 

(See p. 170.) 

296. Hypocycloid a = 2b. Here equations (1), Art. 294, baoome 

x = a cos 0, y = 0, 

the equations of the axis of X. 

That is, when a circle rolls inside of a fixed circle of twice its 
diameter, a point on the circumference of the moving circle describes 
a diameter of the fixed circle. 
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297. Aatrold. Another special case of the Iiypooycloid iaa^ib. 
This curve Is sometimes called the astrotd. 
Here equations (1), Art 294, become 

x= — cosA + -eo8 3d = aco8*A, 

4 4 

« = — sinA — -sin3^ = asin*A. 
4 4 

Eliminating if,, k* + yJ = a*. (See p. 166.) 

296. Rodlns of Curvature of Epicjrcloid. By differeutiating (3) 
Art. 293, we have 

g_(aH-5)(.i„i±^*-.„*) (1) 

= 2(o + 6)8m^*<»s2±p*. ... (2) 

*=(o + 6)/'-C08 2-±*,(, + C08*^ .... (3) 

= 2(o + 4)8iii^*sml±p*. ... (4) 



26 



dhi__ a + 2i , cl-i-2b dt_ a + 2b 



d^ 2b 2b ^ dx 46(o + 6) ■ a . ' 

' "''lb* 
Substitating in the fotniula for the radius of curvature, we tiud 



^, 2b ^J 4i(a+6) . a_ 

26 ' 
a + 2b 26* + 26 2 ^' 
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If a s 00, the epiojcloid becomes the cycloid, aud 
Lim,.. - 
Henoe p = 4 & sin ^, ae in Art 287. 



a + b 
'a + 2b 



299; S«dlnB of Curratiire of Hypocydold. By changing: & into — & in 
(5) of the preceding article, we have for the radius of curvature of 
the hypooycloid, numerically, 

'^ a~2b 2 
30a Length of Arc From (2) and (4), Art. 298, we have 

Hence for the entire arch APA' (Fig. Art. 393), we havs 

For the hypopycloid, the length of one arch is 



301. ATM betweai Curve tnd Fixed Circle. To find the area 
APA'SA (Fig. Art. 293), it ia better to use polar coilrdinates r, 6. 
The formula 



•=1/'™- 



will give the area APA'OA, and this, less the area of the sector 
A'OA, will be the required area. 



EPICrCLOID AND HYPOCYCLOID 
Differentiatdng " s tan $, 

we have ^fcl^= 8ee»,fl<M, 

xdy — ydx = a^ sec' $dd — r*tW. 
From (3), Art. 293, and (1), (3), Art. 298, we find 

xdy-ydx = {a + b){a + Zfr/l -oosl^'jd^ 
Therefore 

J'/»dtf=(o + 6)(a + 26)jTl-'cos|*W 
Henoe 
Area ..iiM'O^ = | (" + '')('' + ^ *) C Y^ " "^ ?*)^ 

Subtracting the area of the sector AOA' = wab, 
we have 
A«a APA'BA = ^tfC + »)(■■ + ^ '') -"H^ ,y(3.^+26). 

The corresponding area for the hypocyoloid ia 
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nrTBGRAIS FOR REFERENCE 

302. Wfi gire for reference a list of some of the integrals of the 
preceding chapters. 

J. f-3^, = ltan->'. 
J 3r-\-a' a a 

A f das 1 , a; — o 

EXPONENTIAL INTEGRALS 
»/ Joga 

6. Ce'dx = tf. 

TRIGONOMETRIC INTEGRALS 

7. I Bmxdx=s~coax. 

8. I cos xdxss sin x. 
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9. Ttan xdx^logBBOse. 

10. I cot«(Jx = lc^sma^ 

11. I sec x (ix = log (sec a; + tan ai) 

-logtang + iy 

13. I cosec3;dx = l(^(cosecx — coto)} 
= logtan|. 

13. I sec' a; (te = tan IT. 

14. j co8ec'a!da!= — cot*. 

15. I BeoxUaixdx = aeox. 

16. I (iOBeexcotxdx= — aoBeox. 
17 ■ JBin*;!) da = 5 _ - Bin 2 ». 

18. rcoB*ii!(ir = | + |Sm2ai. 

INTEGRALS CONTAINING Va*-^* (CHAP. XXV. AND ART. 227) 

19. f-^_=Bin->2. 



20. r^^_^,|vgcr?+«%i 

•^ Va'-a;' 2 2 
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js. f (fa „_yg;z:£'. 

•^ it'Va" — a!* «^ 
23 f ^? __ Va'-»' J_. » 

24. I Va* — a!*da; = |Va*-3!* + ^8iii-'-. 

25. r»»V?^^<i»=|(2«'-a')Va"-i"+i'sili-> 



26. f— ^ 



(Art. 227.) 



(o* — a^^ a° Va' — IB' 
27. f(a»-«^!|fa = |(6o'-2»0V?^^ + 5|-'8m-'S. 

UiTEGBALS CONTAINING Va^ + tt' (CHAP. XXV. AND AET. 227) 
88. f— ^=.log(. + V?+3). 

M. J-^^=?V?+^-|'log(. + V?+^. 

30. f ^=- = ll 

'^ eVJ^T^ <» ° o + Va? + o" « 

31. r__^___vsj. 
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33. f ^___y?+* + ilog!L+^±2. 

33. J"v^?+7(i._!-v^+? + |'log(«+^^+^. 

8j. r_s_= £__. 

•^ (35"+ a")* aWa? + i} 
38. J'(«"+a')liir-|(2»'+5a')Viq:? + ^'log(»+V?+5^. 

INTEGRALS CONTAINING Va^ — tt« (CHAP. XXV. AND ART. 227J 
37. f-^^= = log(«+^^^^. 

39. r '^ =i...-i. 

^^ mVa;" — a' « o 

40. r t^jg _ V;g'— g* ^ 

41 f '^ = V'g'-"' . X 8M-1 5. 
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43. J V?^^(te = |^^?3^-|*log(l^^-V^^^. 

43. CaPV^?^^dx = ^(2a?-a')^a^-a*-^log{x+^ii^-a'). 



44. C ^^ ^ g 



45. C(af-a*)^dx = ^(2s^-5a^V^^^ + ^log(x+^/¥^ 

INTEGRALS CONTAINING V2aa!-a!« 
46 f__^ _™c-i?. 



' V2aa!— as* 



V2aa)-iB»+aTer8-'-- 



47. r "^ 

48 C ^^ m V2aic — a^ , 
•^ x^2ax — 3? "^ 

49. JV2oa! — a^dir = ^^V'2aa!-a:* + ^ver8-' 



60. (a!V2aa!- 






3a' + ga! — 2j!', 



4- 5^vBpa->? 



V2a^-a^<fa_,,^ 



V2 00! — a^ + o Ti 



INTEGRALS FOR REFERENCE 



J a? 3aaf 

/ dx _ x — a 

/ xdx _ X 

INTEGRALS CONTAINING ±ax'+bx+C 



X dx 



V4 ac - 6" v'4 ac - f 

ft_ Vi'-4a, 



.log^ 



Vft'-4ac 2 aa; + 6 + Vfi"- 4 oc 
f , ., , ^ ■ = ^7^ log (2 cw + 6 + 2V^V«ic'+to + c): 

4a 



8ai 



- log (2 oa; + & + 2 VoV<m!* + fea: + c). 



^ V— (M!*+ 6a! +c Va V6* + 4 o 

I V— 'Kc' + feiB+cda! 



-V-aa!* + to + e + - 



Sai 
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61. fJ^d^ 



(Art 233) 



-V(a+iF)(6 + a!) + (a-ft)log(v'ST^+V6 + «). 

(Art. 233) 

a tan- +6 
63- r T = ---^— t^n-' , ^ . (Art. 231) 



atan| + 6 



-log- 



ataii- + 6+ Vft'— a* 



f f =-^^taD-f,^gIjtang\ (Art. 232) 



VS — a tan « + V6 + o 



65. I ^avanxdx = — ^ — i~"F ' ^ f 

66. re"coB»M;(to= ^^"""f + "'=°^"^> . (Art. 217) 
»/ o' + »■ 

If X is a rational polynomial in z, 

67. r.-Xdx.!-('i-_!« + l_g-l.|f + ...Y 



